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1 Introduction

The goal of these notes is to compute the gravitational action for the simplest example
— the massive Majorana fermion — where it is possible to compare the DDK ansatz
with an explicit computation.

The following cases are treated in the literature (see also [1, 2]):

o Weyl [3-5];
e Majorana [6];
o Majorana—Weyl [7, 8].

The paper [9] summarizes the effective action for all the particles from spin 0 to
3/2 and ghosts. For computations see [8, 10]. Very useful papers for the definition
of the path integrals (with zero-modes, Majorana condition, etc.) are [11-15] (see
also [16-18]).

The action for Majorana—Weyl fermion can be written covariantly by using the
operator 0, £ i€,,0” [9]. Something similar may be possible for Euclidean by looking
only at one of the two holomorphic components.



2 Classical action

For formulas with Dirac matrices and fermions see appendices A and B.

The different representations of the gamma matrices described in this section are
given in the local frame. As a consequence, the action is also written in the local
frame (in particular, 9y and 0; denote derivatives with respect to the local frame
coordinates).

2.1 Lorentzian signature

The action for a Majorana fermion on a curved space with Lorentzian signature is

S = —% /d2x\/§\TI(Y7 —m)?, (2.1)

where U := Ut10. Note the additional 1/2 factor with respect to the Dirac action,
and the normalization is taken to be 1/27. Since the fermion is Majorana, the flip
relation (B.35) implies that the connection term vanishes. Nonetheless, there are
some subtleties that we describe below.

2.1.1 Dirac matrices

The Clifford algebra is

{v*,7"} = 29" (2.2)
where 7, = diag(—1,1). The matrices v° and ' are respectively anti-Hermitian
and Hermitian

(v = ="y (2.3)
These matrices can be found from the Euclidean ones by multiplying the 0-th one by
i. The chirality matrix is defined by

Yo =" (2.4)
using 7, = —1.
Different relations are:

7= 4t = -4, (2.52)
At = _p CWCEI’ ¥ = =4t (2.5b)
e N (2.5¢)
B = —€en Cy, (2.5d)
B¢B; = en. (2.5€)

The Majorana condition reads:
U* = BY, en=1, la| =1, (2.6)

and setting a = 1.

2.1.2 Weyl and Majorana basis

The Majorana basis and Weyl basis coincide [19, sec. 7.5, 20, sec. 3, 21, 22, sec. 4.1]
(and [23, sec. 2.1.2] which uses (!, —7°) as a basis).
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Gamma matrices The simplest representation reads:

o_.__ (0 1 1 _ (01 (10
~y —102—(_1 NE T=0=11 o) m=03=g ;] (2.7)

This is logical since one can impose both Majorana and Weyl conditions. Note that
all matrices are real.
The charge conjugation matrix:

Ci=4=1" n=+1 (2.8)
Indeed, we have
CHCi' =1"=-(1"", Cy'Cil =" =—(y) (2.9)
This implies:
e=1, (2.10)

and

’B+:—€C+"3’=1, ¢=1,
using £ = 1 for the normalization. Indeed, we have
) =1 Y= (2.12)

Note that with the mostly minus signature, all matrices are rescaled by i such that
C is mapped to C_ [15].
There is a second representation with C_ = ~!, but we will not use it.

(2.11)

Spinors We write a Dirac spinor as

Yy
U= . 2.13
(¢_ (213)
The Majorana condition reads:
Vi =9, (2.14)
such that the (anticommuting) components of the Majorana fermion are real.
We also find that:
P U =2 (‘%*) (2.15)
which shows that 1, has a positive chirality.
We have: ~
U= (—yr yr). (2.16)



Action It will be convenient to introduce light-cone coordinates

et=a204+2!, 0y = %(80 + 8) (2.17)
such that
7= (8 g) , 7= (_02 8) : (2.18)
We have:
Y8, = 2 (_g_ 60+) : (2.19)

This follows from:

1 01\ _ 0  Oo+6
vaﬂ_ao( ) 0>+81(1 0)—(_80+31 0 ) (2.20)

The Dirac bilinears and kinetic operator read [19, sec. 7.5]:

VU =y + g5y,  Tnl =gt — iy,
TP = —2(47 Dptp +4750_1hy)

( " <Z+)
[

The kinetic term is anti-Hermitian:

(2.21)

since we have:

(TAO) = —2(0497 ¥ +0_Y5 ¥4) '= 2($7 049 + 5 0-y) = —TPT (2.22)

and a factor of i is needed in the action. [In [24] (see Extra, ch. 3), complex
conjugation also exchanges the order of fermions (or equivalently it adds a minus

sign). Does this change this property?|
For a Majorana fermion, we have:

_‘I’\IJ =2¢19-, Uy, ¥ =0, (223)
VP = —2(p_ 019 + 910-14).
The action (2.1) can be rewritten as
= % /d%\/g (Y+0-tp+ +p-_04p— +myp_tpy). (2.24)




2.1.3 Variations and equations of motion

Handling this action presents some subtleties due to the fact that ¥ and ¥ cannot
be treated as independent variables. First, it can be rewritten as

S = —8% /d% V3 (U(V —m)¥ - ¥(V —m)w). (2.25)

by integrating by part (2.1). Writing explicitly the covariant derivative and using
the relation (B.35) for n = 3, one finds that the connection term vanishes and this
leads to the action [6, 19]:

S— —ﬁ / &0 /GE(@ — m)T. (2.26)

which is purely imaginary. On the other hand, canceling the connection in (2.25)
leads to

S= —é / &0 /g (U@ —m)¥ - T(§ —m)) (2.27)

which is real. Now it looks like (2.27) is different from (2.26), but we can show by
integrating by part and using again the flip relation (B.35) that they agree:

/ &2,/ 8,T7"¥ = / &z (30,(Var") ¥ + /g TPT)

_ / dz\/g (W + \M\If) :

using (A.46) and the flip relation in the last step. Note that no boundary term can
appear since the latter would be the derivative of U4#¥ (and of other factors) which
vanish due to the flip relation.

The equation of motion for the imaginary action (2.26) is

(Y -—m)¥T =0 (2.28)

since the variation of the action is [25]
68 = —% /d% V3 (6T (P — m)¥ + T (P — m)sT)
= —ﬁ /d% Nz (5@(&9 —m)¥ — @((5 +m)dW — % \Tfau(\/gw)&p)
= —% /d20 Nz (5@(6 —m)¥ — \if(% +m)dW — i \Tft/w*éxp) ,

where we have integrated by part in the second line, and then used the flip property
to exchange the position of ¥ and its variation

VoW = 500, 0, Uy = U9, V, Uk, 00 = 60y, T,  (2.29)

and the last line follows from (A.46). One should not forget to vary both ¥ and ¥
since they are not independent for a Majorana field (recall that U~ Ut): varying v
alone would lead to the incorrect equation (@ — m)¥ = 0. One recovers the same
equation from the real action (2.27), but in this case the derivation is simpler since
one can treat ¥ as an independent variable since the action is symmetric in ¥ and V.



2.1.4 Energy—momentum tensor

[HE: check these formulas.|
The (symmetric) energy—momentum tensor reads

T, = _% Try(,0,) ¥ + %gm,\il(@ —m)¥, T=imUV, (2.30)

2.2 Euclidean signature

The (massive) Majorana fermion ¥ in two dimensions is equivalent to the (massive)
Ising model. The massless theory is a CFT with ¢ = 1/2. The path integral of this
model on flat space can be found in [26].

The action for a Majorana fermion on a curved space with Euclidean signature
is [6]:

S = i /dzx\/glfl(iW +m,) Y, (2.31)

where ¥ := !, Note the additional 1 /2 factor with respect to the Dirac action, and
the normalization is taken to be 1/27w. The i is necessary because:

(\il’y“aH\II)T = 0, Uy T = —Uyk9, 0.

Since the fermion is Majorana, the flip relation implies that the connection term
vanishes.

Weyl transformation Under a Weyl transformation of the metric
Juv = e2¢§;wa (2.32)
the action (2.31) transforms as:
1 _
S = yym /d2x §e2¢\Il(e_%¢iY7e% + my,) ¥, (2.33)
T

using the formulas from Appendix A.5. This shows that the action is invariant only
if ¥ transforms and if the mass vanishes:

U=e50, m=o. (2.34)

Note that it is necessary to take into account the transformation of the connection
in order to get the appropriate transformation of the action, see (A.50e).

2.2.1 Dirac matrices

The Clifford algebra is

{v*,7"} = 26" (2.35)
where 8, = diag(1,1). The matrices 4° and 7! are Hermitian:
(v =# (2.36)
and 4 is the identity matrix:
A =1. (2.37)



The chirality matrix is defined by

e = iyt (2.38)

using . = 1.
Different relations are:

B;=—¢C,, £=1, (2.39a)
Y = —iety,, (2.39Db)
B(B; = —¢, (2.39c¢)
¢=—n. (2.39d)

For each basis, we first consider the Majorana case:
to=-1, ti=-1 = e=-1, n=-1, (2.40)
which selects C_ and sets { = 41 such that:
(2.41)
Then, we consider the pseudo-Majorana case:
to=1, t1=-1, = e=1, n=1, (2.42)
which selects Cy and sets ( = —1 such that:
B_=0(Cy4, (2.43)
The flip relation implies:
U1y Uy = — Uy By, (2.44)
and the latter vanishes for ¥ = ¥s.

2.2.2 'Weyl basis, Majorana signs

Gamma matrices In the Weyl basis (Majorana signs), the Dirac matrices are [27,
sec. 12.6.1]:

o_ [0 —i 1 _ (01 (10

The matrices y! and ~, are symmetric and real, 7° is anti-symmetric and imaginary.
The charge conjugation matrix is then

C_ =B, =~. (2.46)

Indeed, 7! is symmetric as it should and:

CAC =—"=(", CA'Cl=4' =" (2.47)



Spinors Writing a spinor as

¥
U= , 2.48
(w (248)
its Dirac conjugate is:

U= (g ). (2.49)

We find that 9 and v have respectively negative and positive chiralities:
PY =2 (15) . (2.50)
The Majorana condition states that the components are conjugate to each others:
P =1 (2.51)

Action It will be convenient to introduce complex coordinates:
1 = 1
z=a"+izt, z=2"-iz!, O= 5@ —i01), 9= (8 +idr). (2.52)
We have: ~
o), = 2i (g _a) : (2.53)

This follows from:

0 —i 01 0 —i0p + O1
© —
Y0, = 0o (i 0) + 01 <1 0) = <i30 o, 0 ) . (2.54)

The Dirac bilinears and kinetic operator read:

V=gt gs, B =t 55
TPU = —2i9* ) + 2i9* P '
since we have:
v = (9* y) (5)
VPU =2 (9* y) (3 _08> (ﬁ)
For a Majorana fermion, we have:
¥ =0, Uy, ¥ = 2¢1), (2.56)

VPW = 2iporp — 2i PO
The action (2.31) for a Majorana fermion can be rewritten as [28, sec. 9.2.2,
eq. (171), sec. 10.5.2, eq. (326b)][sec. 4 DHoker:1986:LoopAmplitudesFermionic:

S = % / d*z+/g (Y0 — PP + myp). (2.57)

The second term comes with a minus sign which is not the usual normalization [29,
app. A.1, 30, 23, sec. 5.3.2, 31]. However, this is just a consequence of choosing the
representation C_: using the inequivalent representation C changes the relative
sign between the two terms, showing that the difference is not physical.
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2.2.3 Weyl basis, Majorana signs, alternative basis

Gamma matrices We consider again the Weyl basis (Majorana signs) but exchange
7° and +! [16, app. A]:

01 0 —i -1 0
70=a1=(1 0), ’yl=02=<i 0), ’y*=a3=<0 1). (2.58)

The matrices 7° and ~, are symmetric and real, y! is anti-symmetric and imaginary.
The charge conjugation matrix is then

C_ =B, =7" (2.59)

Indeed, 7! is symmetric as it should and:

CACT ="=(", CAlCl=—'=(1)" (2.60)
Spinors Writing a spinor as
(4
=], 2.61
<¢ (261)
its Dirac conjugate is:
U= (yp* 9). (2.62)
We find that ¢ and v have respectively negative and positive chiralities:
0
PY=2(-]. (2.63)
(U
The Majorana condition states that the components are conjugate to each others:
P =1 (2.64)
Action We have:
hE, =2 (g g) . (2.65)
This follows from:
01 0 —i
By —
Y0, = 0o (1 0) + 01 <i 0) . (2.66)

The Dirac bilinears and kinetic operator read:

TV = Y+ %P, Uy U = —*h + P9,

TPV = 24* O + 200 (2.67)

since we have:
v = (vt 9) (g)
w1690
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For a Majorana fermion, we have:

TV =0, Uy, U = 21h,

} _ T (2.68)
TPT = 200y + 2909
The action (2.31) for a Majorana fermion can be rewritten as:
1 _ - - -
S=o / d2z\/g (i198y + i PO + mpip). (2.69)

The second term comes with a minus sign which is not the usual normalization.
However, this is just a consequence of choosing the representation C_: using the
inequivalent representation C; changes the relative sign between the two terms,
showing that the difference is not physical.

2.2.4 'Weyl basis, pseudo-Majorana signs

Gamma matrices In the Weyl basis (pseudo-Majorana signs), the Dirac matrices
are still (2.45) but we take the charge conjugation matrix to be:

C.=B_=7" (2.70)

Indeed, 7° is anti-symmetric as it should and:

Ci°C =1"=-("",  C'Cit =t =-(y) (2.71)
Spinors Writing a spinor as
1
U= , 2.72
(% 272)
the Majorana condition gives:
YT = —iths. (2.73)
Hence, it is useful to define 5 := 9 and 1 := iy such that
i
U= , 2.74
) 27)

where 1 and 1 are independent for a general Dirac spinor.

Action The Dirac bilinears and kinetic operator read:

Ty = ¢*¢ + 1/_1*7/_1, \i”Y*\II = _¢*¢ + 7/_}*7/_}7

g - . (2.75)
TPV = —20*Fep — 20" 9.
For a Majorana fermion, we have:
U =0, Uy =291,
- el = 20y (2.76)
TP = — 20y — 209%.
The action (2.31) reads in components:
1 _ _ -
S= / Pz /g (= 190 — 190P + mp). 2.77)
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2.2.5 Majorana basis, Majorana signs

Gamma matrices In the Majorana basis (Majorana signs), the Dirac matrices
are [32] (and [21] up to permutation of 4° and )

o_ _ _ (01 1 _ (10 I

The matrices v° and 7' are symmetric and real, 7, is anti-symmetric and imagi-
nary. The charge conjugation matrix is then the identity:

C_=By=1] (2.79)

Spinors Writing a spinor as

()
U= , 2.80
(1/12 (280)
its Dirac conjugate is:
U= (v; ¥3). (2.81)
The Majorana condition states that the components are real:

=11, g5 =1 (2.82)

This implies that ¥ = ¥t = ¥,
It is straightforward to see that the components in each basis are related by [32]:

Y= % (Y1 +ivh2), Y= (Y1 —inh2),

1
V2 (2.83)

¢1=%(¢+zﬁ), o = —

The corresponding change of basis matrix is

1 (1 i
UzﬁQ—J’ (2.84)

and remember that the Dirac matrices transform according to (B.13).

Action We have:
o1 O
b
YO, =2 (30 —61> . (2.85)
This follows from:
01 1 0 01 Oy
m _ —
pneal Dea(l )= &) o

The Dirac bilinears and kinetic operator read:

\iI\I/ = 'd)rd)l + 'Iﬁ;"p% @7*\1/ = _i'lpf'lpZ - i¢1¢§a

: (2.87)
VP = ¢} (8191 + Bov2) + 5 (Oopr — Breha)
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since we have:
T = (v v5) (i;)
= . 0 -1
Ty =i (y] o) (1 0 ) (:f,;)
= 0 O 0 O
we= (i ) (3 %) (%) = i) (G o)
For a Majorana fermion, we have:

U =0, Uy, U = —2ighy 9o,

i (2.88)
TP = 11 (0191 + Oov2) + 2(Bovr — D12).

2.2.6 Analytically continued action

Some authors consider the analytic continuation from the Lorentzian action (2.1), in
which case the Dirac conjugation matrix is the same as in Lorentzian signature, 4 =
70 [23, sec. 5.3.2, 32, sec. 9.6, 9.7, 12.3], but it does not fit the proper representation
theory of Euclidean Clifford algebra. See [33] for a discussion for the Wick rotation
with spinors. For comparison, we reproduce the computation here.

After Wick rotation of the coordinates, the action (2.1) reads:

1
S = i /d2z\/§\IlT'yg,I(’yx4 V,—m)V¥. (2.89)

where we display explicitly the Lorentzian gamma matrices 75\5[' The basis (2.45) is
obtained from the basis (2.7) by Wick rotating 73, = —iy% and then flipping the
sign of 70 in order to remove the sign of ~y,. This gives:

1
S = o /dzx\/ﬁlIlT'y%('yg V. +m)¥. (2.90)

[HE: Need to reverse time or space to account properly for #?] From now on, we
omit the index E.
We recall the basis (2.45):

=0y = (? Bl) , Y =o1= <(1) (1)) ,  Ww=o03= (é _01) - (291)
(0 -0
d=2i <0 0 ) (2.92)

P =2 <(g g) : (2.93)

_ (v
U = <¢> , (2.94)

!The elements on the diagonal are exchanged in [23]. This may arise from choosing to reverse
space or time when continuing analytically.

such that'

Writing the spinor as

14



we find the action in components:

S=o [ o (0 + 0y + imipi). (2.95)

This form can be recovered by direct analytic continuation of the action (2.24) (see
Appendix A.1.2) and changing the sign of m:

S = % / d*z/g (Y4004 + Y_Op_ +imy_1y), (2.96)
upon identifying: B
V=17, Yy =1 (2.97)
3 Functional integral

We want to setup everything needed to compute the gravitational action of the
massive Majorana fermion in Euclidean signature.
The effective action of the metric is obtained by integrating out the fermion:

o—Senld] .— / depe=Slod], (3.1)

Since the action (2.31) is quadratic, the result is the determinant of the kinetic
operator D

Seff = —% Indet D (3.2)

where the 1/2 factor comes from the fact that the fermion is Majorana and the
operator D is

D :=iY +my.. (3.3)
Then, one can use the formula (A.37) to get
1 2
Seff = ~1 Indet D (3.4)
with
2 2 2 R 2
D*=-Y ' +m =_A+Z+m’ (3.5)

the latter formula following from the fact that the chirality matrix commutes with
all other matrices and (7x)2 = 1. This is different from what happens with a Dirac
fermion, which requires to introduce the dual operator D = ~, D~,.

We are interested in computing the gravitational action defined as the difference
of the effective action evaluated in two different metrics g and §:

R . 1. detD?
Sgrav[gag] = Ef‘f[g] - Seff[g] =—-1

n———,——. 36
4 det D2 (3.6)

Since the connection term vanishes, one may be tempted to compute the determi-
nant of the operator D’ = i@ + m-y,. It seems more logical to use D since the latter
is covariant and this is necessary to define a covariant measure on the field space.

15



In particular, this measure is defined in terms of the modes which are eigenvectors
of this operator, and this amounts to solve the classical equation of motion, which
involves the covariant operator. Moreover, @ does not have a nice transformation
under Weyl transformations. In the literature, it is always the operator D which is
used [9] (but note that [6] does not write it in the action). This seems also more
logical since it gives correctly half of the determinant of that of a Dirac fermion.

3.1 Definition of the functional integral

In order to define the functional integral and the effective action (3.2) rigorously, we
need to expand the field in terms of eigenmodes of the operator D. However, this
procedure is more complicated for Majorana fermions than for Dirac fermions. We
follow mostly [15, sec. 13.3] (see also [16]), except that we don’t pick a specific basis.

3.1.1 Mode expansion

There is no solution to the equation
DU = (iY + my,)¥ = AT (3.7)

such that the eigenvalue is real (which is necessary for defining the heat kernel
properly) and that ¥ satisfies the Majorana condition:

AER, T*=CU. (3.8)

Indeed, by taking the conjugate of the equation and inserting the Majorana condition

one finds
DV = iV + mv,)¥ = —\*¥ (3.9)

from

—CHY +my,)CIC¥ = \*CV.
This problem can be solved by looking for complex eigenvectors to be decomposed
into their real and imaginary parts (under the Majorana conjugation). Hence, we are

looking for complex eigenfunctions ¥,, € C of D with real eigenvalues A, (n € Z) [15,
sec. 13.3]:?

The inner-product between two spinors 11 and 19 is defined as:

Walhe) = 5 [ Paygir@)/ao) (311)

Note that it vanishes for anti-commuting Majorana spinors (for example, in the
Majorana basis: 1ty = 1*4) = 0); however, this is not a problem since the eigenmodes

2Note that we could work with real eigenmodes by inserting the matrix . on the RHS. However,
this complicates all expressions since this matrix would appear in the definition of the inner-product,
Green functions, etc.
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are commuting and complex.® The eigenfunctions form a complete set and are
taken to be orthonormal:*

(@] Tp) = G- | (3.12)

By computing the inner-product with an insertion of D, we can easily check that the

eigenvalues are real:
(U,|D¥,) =\,

= (DU, |T,) = A%

One can check that if A\, is the eigenvalue associated to 1, then —\, is the
eigenvalue of C~1¥} for n # 0:

(3.13)

D(CTM}) = =\, (C71U) (3.14)
as can be seen from:

(= iV +m()*) ¥} = A\, T
—CHY +my,)C710 = -\, U,

As a consequence, we define

Vn € N* U, :=C710, A, =X (3.15)

The Majorana field is expanded on the modes ¥, as:

U= (an¥n+a_n¥_n), (3.16)

n>0

where the a, are complex Grassmann variables and satisfy:

a_n=al. (3.17)

Note that in this decomposition the coefficients are taken to be Grassmann numbers
while the eigenfunctions are commuting functions. As a consequence, the normaliza-
tion (3.12) would be non-trivial even without inserting 7. The coefficient a, can be
recovered by taking the inner-product with ¥,:

|an = (T, 0) .| (3.18)
The Dirac conjugate is:
T => (an¥iC+anV,0) = (an¥_pn +a_nly), (3.19)
n>0 n>0

using that ¥ = ¥°¢ = W!C since (C~1)f = (C*_)T = C* = C (for ¢ = —1), and
the second equality follows from (3.15). Since ¥ = ', one can also recover the
expression (3.17) from the coefficient of U,,.

3Tt would be necessary to add ~. in the definition of the inner-product if it also appears in the
RHS of the eigenvalue equation. But, as pointed in the previous footnote, this makes all expressions
much more complicated. One particular problem is that D is not self-adjoint for this product,
instead: (Y1|D2) = (D1|2), where D := v, D~,.

“In fact, modes with A, = m (where m is the mass) are degenerate and generically not
orthonormal, see Section 3.3. However, ignoring this subtlety does not change the computation in
general and the fact that zero-modes are not orthonormal will be taken care of when needed.
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Then, we can define real modes (under the Majorana conjugate) for n > 0:

i

1
Xn = E(\pn + \I/—n), On = \/5(‘1171 - \Il—n)7 (3'20)
such that
X =Cxn, & =Cén] (3.21)
These modes form two orthonormal sets:
[(tmlXn) = (mldn) = Grwn,  (Xemln) =0.] (3.22)
It is then straightforward to check that these modes satisfy the equations:
|Dxn =iXnn, D = —idnXn] (3.23)
since

1
V2

Squaring this equation gives:

D@+ T_p) = 2 (T — T_p) = idn G

Dy = /

D2Xn = Aan, D2¢n = An¢na Ay = )‘121- (3'24)

This also implies:

|D*T, = A, (3.25)

This means that the (xn, ®n) are eigenfunctions of the second-order (Laplace-type)
kinetic operators, but not of the Dirac operator. Note that it should be related
with the decomposition of a Majorana spinor into a Weyl spinor and its complex
conjugate [24, sec. 3.4].

The eigenvalues are indexed by n € N and sorted by ascending order:

0<m?<Ag<A<--- (3.26)

In particular, there is no zero-mode if m? > 0 (Sections 3.2 and 3.3).
The Majorana field is expanded on the real modes as

U= Z(an'n + cn¢n) (327)
n>0

where (by, c,) are real Grassmann variables such that

1 . 1 .
an = _2(bn + 1cn), a’IL = E(bn - 1Cn)a (3'28)

and we have the relation
i .
a}:an = §(bncn — cpbp) =ibpey. (3.29)
Note also that the Dirac conjugate is

T = 3 (bul, + endl)C. (3.30)
n>0
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3.1.2 Evaluation of the functional integral

We want to compute the generating functional with source 7:

Zln] = / A exp (— S[¥] +1 (L)) (3.31)

where the action can be written in terms of the inner-product (3.11) as:
S[¥] =(¥|D|T). (3.32)

The source is decomposed as

N=> (tnXn+ndn) = D (5n¥n + s_n¥_p), S_p =5, (3.33)
n>0 n>0
where
Sp = 1(u + ivy) st = 1(u ivg) (3.34)
n 2 n nj) n \/E n nj- .

‘We have the relation:
s};sn = iupvn. (3.35)

We can evaluate the inner-product which appears in the path integral:

(U|D|T) =21 Apbacn =2 Mnalan (3.36)

which comes from

<\II| D |\Ij> = Z(mem + Cm¢m| D |ann + Cn¢n>
m,n
= iz An (bmXm + Cm®Pm|bndn — cnXn)
m,n

=1 An(bncn — cnby).

‘We also have:

(n|¥) = Z(unbn + vpen) = Z(sna;ﬂ + shan). (3.37)
n>0 n>0

The functional integral reads:

n>0 n>0

Z[n) = / H db,dc,, exp (—i Z [Anbrcn + unby + vncn]) (3.38a)

= / H dandaib exp (Z [— )\na}:an —I—isna;rl + isLa,J) . (3.38b)

n>0 n>0

The next step consists in shifting the variables a,:

an=anp+—3s al =aIZ—LsL (3.39)



such that

Z[n] = exp (Z 3, on s sn) / H danda exp (— Z )\n(_z;rldn> . (3.40)

n>0 n>0 n>0

The integral is a simple Gaussian integral of complex Grassmann variables:

Z[n] = exp (Z —s sn) H An- (3.41)

n>0 n>0

Note that only half of the eigenvalues are included because we had to combine the
real functions into complex functions, which lifts the double degeneracy that one has
with a Dirac fermion. The product of the positive eigenvalues give the squareroot of
the determinant:

1/4
1;[>\n: /HA%:(HV) dtD2)/ =det(—A+§+m2) . (3.42)
n>0 n>0 neZ

The first equality allows to write squares of eigenvalues, such that one can extend
the range to negative n after the second equality since A_,, = —A,. Using formal
manipulations of determinants, we can rewrite v det D2 = det D such that:

I A» = Vdet D det (1Y +mys) - (3.43)

n>0

Taking the logarithm reproduces (3.2) and (3.4). Note that the fact that one can
take the squareroot without ambiguity (up to a sign) is a consequence of the self-
adjointness of the operator [11, p. 1470).

The Green function corresponds to

S(z,y) := (x| % ly) = (z| m

—2 U (2)Un(y)t =12 —x(z)p(y)").

neZ An n>0 An

|y>
(3.44)

It follows from:

(x | lv) =2 (@l 5 |, >(\I’n|y>=z)\i (@|¥n) (Tnly) . (3.45)

nEZ nez ="

The Green function is antisymmetric and purely imaginary:

Sap(®,y) = —Spa(y, ). (3.46)

In full similarity, we obtain the Green function of D?:

G(z,y) := D2 ly) = Z A v )Tn(y)'. (3.47)
nez

Note that S and G are 2-dimensional matrices in terms of Dirac indices. The trace
over Dirac indices is denoted by trp.
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Finally, we have that

1 . 1
(n|Sn) = Z o sl s, = 2i Z 3 Un¥n, (3.48)
nez - n>0 "
since
M) = 3 (tmXom + V] = ltnX + vnbn)
n iV mr n) = = UmXm T UmPm D UnpXn T UnPn
i i
= - Z )\_ <umxm + Um¢m|¢n> Up, + Z )\_ <"-"me + Um¢m|Xn> Un
m,n>0 " m,n>0 """
1 1
= iZ )\—( — UpUp + UpUp) = Z )\—( — spsh + s;rlsn)
n>0 """ n>0 "M
sns;fL t sLsn sLsn t sLsn
- Z - SpS! + Z " = " Sns! + Z S
n>0 n>0 n<0 n>0
As a conclusion, we find:
1 R ) 1/4
Zln] = exp <§<n| s |n>) det (— Atip+m ) . (3.49)

The factor of 1/2 arises because the Green function has a sum n € Z but the
functional integral gives only n > 0 in the exponential. This proves (3.4).

Let us pause to comment on the case where there are zero-modes (vanishing
eigenvalues). In this case, Z[n] in (3.41) looks ill-defined because the first term
diverges and the product of eigenvalues vanishes. However, the eigenvalues A, =0
do not appear in the sum in (¥|D¥) such that the product would be only over
strictly positive eigenvalues, n > 0. Similarly, (3.49) has instead det’ D and S, the
determinant and Green functions without zero-modes. Moreover, the integrals over
zero-modes would remain to be done: since they are fermionic, it looks like the result
would vanish. This is solved by inserting zero-modes in the functional integral and
carefully normalizing [11, 34].

3.2 Eigenmodes and eigenvalues

In Section 3.1, we have introduced the operator D and D? which we recall here for
convenience:

D:=iV+my, D?= —A+§ + m2. (3.50)

The eigenvalue equations for D and D? are:

D|¥,) = A |[¥y), (3.51a)
D2 |¥,) = A, |U,,) (3.51b)

with the modes normalized as:
(U |Ty) = / A2z /G U () 'O () = G- (3.52)
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The eigenvalues are related as:
Ap = X2 (3.53)
and are conventionally sorted by ascending order:
n>0: Ap < Apya. (3.54)

Eigenvalues can be degenerate: in this case, the mode W, associated with the
degenerate eigenvalue A,, is a general linear combination of eigenmodes with eigenvalue
A,. In general, we will assume that there is no degeneracy for n # 0, the general
result following by continuity [35, p. 15]. The only caveat is for the lowest eigenvalue
Ao associated with zero-modes (Section 3.3): in most cases, the degeneracy does not
matter and we will take it into account only when necessary.

The modes are dimensionless, while A, and A,, have the dimensions of a mass
and mass-squared respectively:

[\Ijn] =0, [)‘n] =M, [An] = M?>. (3'55)

We have also obtained the expressions for the Green functions in terms of modes:

S(x,y) =) /\—t‘lln(x)\lln(y)*, (3.56a)
G@9) = 3 5 Yn()alt), (3.56b)

We note that Y, is also an eigenmode of of D2
D3(YV,) = A (YT,,). (3.57)

However, they are not normalized:

[ @035 (PTa(@) 5 (FEn(2) = A =i (3.59)

which follows by integrating by part.

3.3 Zero-modes

The problem of the zero modes of the Dirac is treated in [11] (see also [12, 14, 16]).

3.3.1 Massless fermion and properties of eigenmodes

We first consider the massless case because it allows to derive many properties on
the eigenmodes, even when m # 0. Since the operator DO g simpler than D, it is
possible to characterize more precisely its eigenmodes. The first objective is to show
that D, D? and D2 have a common basis of eigenmodes. Next, we will show that
we can use the same basis for the eigenmodes associated with the lowest (absolute)
eigenvalue of each operator (zero-modes).
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Quantities corresponding to the massless case m = 0 are indicated by a superscript
(0). For example, the massless Dirac operator and its square are:

DO =iy, (D©)?.= A+ % (3.59)

The eigenvalues are denoted as )\;0) and A£?> and there is a common basis of eigen-
modes T for D© and (D)2

DOYY = \Og®  (pOpRg® = \QDg® AL .= D2 | (3.60)

It can be shown that D(®? is a positive-definite operator:
0<AL <« A0 <. (3.61)

It is obvious that an eigenmode ¥,, of D? with eigenvalue A,, is also an eigenmode
of (D)2 with eigenvalue AY such that:

Ap=AD 4 m2. (3.62)

This is particularly convenient since several useful properties can be deduced in
the massless case. For general properties of D, see [36]. However, we cannot
conclude that ¥, is also an eigenmode of D©): this can be understood from the
fact that ¥, can be eigenmode of both D and D only if it is an eigenmode of ~,,
which is not possible (v, and D© do not commute so they cannot be diagonalized
simultaneously).

Since (D(O))2 commutes with +, it is possible to find eigenmodes ¥,, + which
diagonalize both simultaneously:

(D(O))2\I/n,:|: = A%O)‘Iln,:l:’ YUy =20, 4, (3.63)

5

implying that ¥, 4 are Weyl spinors.” However, this basis must be different from

the basis \Ifgzo) introduced above because ¥,, 4 are not eigenmodes of D©) a5 we show
below. The modes are normalized as:

(‘I’m,+|\1’n,+> = 6m,na <\I/m,—|\I’n,—> = 5m,na <‘I'm,+|\1’n,—> =0. (3-64)

Hence, we can write the identity as:

1= (1) (T | + [T, ) (T ). (3.65)
neZ

The RHS is correctly invariant when conjugating with ~,.%

Since {v«, D@} = 0, this implies first that D©W,, 1. has chirality F since 7.
anticommutes with D(©. Moreover, it also implies that Vi \IISLO) is an eigenmode of
DO with eigenvalue —)\%0):

DO (1, 8)) = M (1 TY). (3.66)

5Spinors in 2d Euclidean space cannot satisfy the Weyl and Majorana conditions. However,
we have seen that the eigenmodes cannot be real, such that it makes sense to impose the Weyl
condition.

50ne has to be careful with the zero-modes, which are not orthonormal in general. We will see
below that everything works as expected.
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If A\, # 0, this implies that it is orthogonal to \115,0) and proportional to C"IIIISLO)*:
(|7, [T9) by . (3.67)

On the other hand, if \If,(%o) is a zero-mode, )\510) =0, then fy*\Ing) is also a zero-mode.

We can now prove that ¥, ; are not eigenmodes of DO jf A%O) # 0. Writing
(3.66) for W, +, we get:

DO ('7*\Ijn,:i:) = _)‘n(’Y*\I’n,ﬂ:) = FAVUn+

(3.68)
=+pOy, ; = 20w, .
such that
A0, . =o. (3.69)

We see that ¥, 4 are eigenmodes of DO only if )\5,0) = 0.
A zero-mode (or harmonic spinor) of D% is an eigenmode ¥y with zero eigenvalue

O,
),
DO, =0, AV =0 (3.70)

It is also a zero-mode of (D)2 because D(© is self-adjoint [37]:
(DOY2g, =0, AL =o0. (3.71)

We have omitted the superscript, i.e. we write ¥ instead of \I/E,O) because we will
find that we can use the same basis for the modes associated to the lowest (absolute)
eigenvalue of all operators. It is possible to show that D(®) admits up to g zero-modes
on a Riemann surface of genus g [38] We denote by Ny the degeneracy of eigenvalue

)\(()0) = 0 and the associated zero-modes by %o; (i =1,..., Np):

DOyy; = iVaho; = 0. (3.72)

As explained in Section 3.2, ¥y should be understood as a general linear combination
of the zero-modes v ;.

Massive modes The minimal value of the lowest eigenvalue Ag in the massive
case is achieved when ¥y is a zero-mode of (D(©)2:

D?Wy = m?¥y = Agy. (3.73)
Hence, D? itself has no zero-mode and one has:
0<m?<Ag<A<--- (3.74)

This follows directly from (3.62).
Consider chiral zero-modes ¥q 4 of DO

DO,y 4 =0. (3.75)
Then, they are also eigenmodes of D:

D%+ =my o1+ = tm¥g 4. (3.76)
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For illustration, let’s solve the equation

m’y*\Ilo = )\0‘1’0. (377)

Yo = (? Bi> , (3.78)

such that writing the field in components ¥y = (1/1,12) in the above system gives:

in the Majorana basis (2.78):

—imye = Xoth1,  imap1 = Aothe. (3.79)
Solving for 12 and putting back in the first equation, we find:
2\ =m? (3.80)

For \g = £m, we have the solutions 19 = +it);. As expected, the spinor does not
satisfy the Majorana condition (2.82).

Given the form (A.38) of D?, we see that it commutes with +, such that the
V¥, + also provide a basis of eigenmodes for D?2. However, we will find it more useful
to work with the basis ¥,, of eigenmodes for both D and D?. The only exception if
for zero-modes Wy, for which we will need to use a base of definite chiralities to be
able to prove some properties.

In the rest of these notes, we will call “zero-modes” the modes 1)y ;, with the
understanding that the term “zero-modes” refers to the operator D(® and not D.

3.3.2 Inner-product matrix and projector

We consider the general case where the zero-modes do not form an orthonormal basis,
and we define the inner-product matrix:

ile] 1= (Wil = [ A0 yGe0.(o) o, (@), (381)

For an orthonormal basis, one has k;; = d;;. The reason for not considering such as
basis is that Weyl transformations can mix the zero-modes such that the new basis
is not orthonormal. Its inverse is denoted by k% such that the projector P(z,y) on
the zero-modes reads:

P(z,y) = Y vo(x)so;(y)". (3.82)
i,j=1
We also define:
P(z) := P(z, ). (3.83)
We obviously have:
[ #2v5 P(@,2)P(z,9) = P(ay) (3.84)
and

as the derivative and Laplacian act on a zero-modes.
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The number of zero-modes can be rewritten as the trace of P(z,y):

No = / d*z./g trp P(x). (3.86)

This follows from:

[ dava o P@) = 3 [ a2y tro o (@) gl (a)
= S rlg] [ doyavn, @) vne)

.. NO
= Kglrilgl = 1.
=1

i!j

A prime on a operation (such as tr’ D or det’ D(?)) indicates that one removes
the zero-modes before performing the computation.

We have seen in Section 3.3.1 that modes are also eigenmodes of 7,. In this
case, the matrix k defined in (3.3.1) is block diagonal and the projector splits in two
separate sums over modes of positive and negative chiralities. As a consequence, the
projector (3.82) is invariant under conjugation by ~:

7-P(@,y)% = P(x,9). (3.87)

3.3.3 Zero-modes on Riemann surfaces

In this subsection, we discuss explicitly the zero-modes of the operator D? = —A+R/4
(3.5) for the different genus-g Riemann surfaces [38, sec. VL.F]. The theory of Riemann
surfaces implies that there can be at most g + 1 zero-modes [37, 39]. The number of
zero-modes depend on the spin structure for g > 1, and on the moduli for g > 3 [37,
prop. 1.3, 38, p. 927]. Generically, there is no zero-mode for even spin structure and
one zero-mode for odd spin structure [38, p. 1018].

Sphere Let’s consider g,, to be the round metric for the sphere, g = 0. Because it
has a positive constant curvature and since —A is positive-definite, the operator D?
is strictly positive and has no zero-mode:

No=0, P(z,y)=0. (3.88)

Torus Let’s consider the flat metric g,, = d,, on the torus, g = 1. Zero-modes are
solutions of the equation

Pibo = 0. (3.89)

There are two obvious constant solutions:

1 (1 , 1 {0
¢0=ﬁ<0>7 %:ﬁ(l)' (3.90)

It is possible to prove that there are no other solutions. The corresponding projector
and k-matrix are:

1
Kk =1,, P(z,y) = 1 1. (3.91)
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Next, one needs to impose boundary conditions which depend on the spin structure.
The solution survives only for the odd spin structure which has periodic boundary
conditions in both directions. If at least one boundary has anti-periodic conditions,
then there is no solution. As a consequence, there is one (complex) zero-mode for
the odd spin structure, and no zero-mode for the three even spin structures:

No=0,1. (3.92)

Higher-genus surfaces For a surface with genus g > 2, there is generically one
(resp. no) zero-mode when the spin structure is odd (resp. even). However, there can
be up to g zero-modes as stated above [38]. Zero-modes can be computed by taking
g to be the metric such that R = —1.

3.4 Green functions

We define the Green functions S and G for the operators D and D?:

. 6(z —y)
D,S(z,y) = iV, + my)S(z,y) = ——2, 3.93a
(z,y) = ( Y)S(, y) 7 ( )
R(z) é(z —y)

D2G(z,y) = (— Ay +—~ +m2) G(z,y) = ——==, 3.93b
(z,y) 4 (z,y) 7 ( )

and we recall that R
V= A+Z =D? —m2. (3.94)

We obviously have the relation
S(z,y) = D:G(x,y) = (iV, + m7.)G(z,y). (3.95)
We can also find another relation

Gla,y) = [ P2vGS(@,2)S(y) (3.96)

from
/d2z\/§S(x,z)S(z,y) = /d2z\/§ (D,G(z, ) D,G(z,y)
= /d2z\/§G(x,z)D§G(z,y),

and then one can use (3.93b) (there is no sign because the derivative term contains
also a factor i, and the mass term is not integrated). In fact, one can also obtain
(3.96) directly by solving the equation (3.95) through convolution.

Another identity satisfied by G is:

G(z,y). = —/szﬁG(x,z)gzDzG(z,y) (3.97)

This follows by integrating by part the LHS and using (3.93b).
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The adjoint of (3.93a) is

(0,217 +m.) = L, (3.98)
since the gamma matrices are Hermitian and since
S(z,y)t = S(y, z). (3.99)
We also have <_
S(y,z) = Gy, z)(—iV z + mys). (3.100)

3.5 Green functions without zero-modes

If the operator contains zero-modes, then it is not invertible: one needs subtract
their contribution from any equation, and the corresponding projector is P(x,y)
defined in (3.82). As we have seen, the operators for m # 0 have no zero-modes, but
the limits of the associated Green functions (and similar quantities) as m — 0 are
ill-defined. For this reason, it is useful to introduce Green functions S and G which
have a well-defined m — 0 limit by subtracting the would-be zero-modes:

D.5(a,y) = (¥ + m)5(e.) = 22 — Plag), (3.1012)

é(z —y)
V9

These Green functions are orthogonal to the projector:

Dgé(x,y)z( A, + 2@ (””) )G(w,y)z _P(z,y).|  (3.101b)

/d2z\/§P(z,z)§(z,y) =0, /d2z\/§P(x, 2)G(z,y) = 0. (3.102)

When there are no zero-modes and on the torus (in Majorana basis), this reduces to:

No=0org=1: /d2z\/§§(z,y) =0, /d2z\/§C~}’(z,y) =0,| (3.103)

since P(z,y) = 0 in these cases (Section 3.3.3).
The tilde functions can be easily related to the un-tilde Green functions using
the expression (3.56) in terms of modes and the projector (3.82):

S(z,y) = S(z,y) - % (3.104a)
G(z,y) = G(z,y) - ngb’zy). (3.104b)

Note that (3.97) still holds when using G everywhere thanks to (3.102). The ~,
matrix in the RHS of (3.104a) is necessary to ensure that (3.93a) and (3.101a) are
compatible:

(Y +mv)S(z,y) = iV + my) (g(z, 0 + W*Pg, y))

_6(z—y)
== Plzyy) + Plz:g).
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The relation (3.96) becomes:

G(z,y) = /d2z\/§§(ac,z)§(z,y) (3.105)

which can be found by solving the equation S = DG and using that S is orthogonal
with P. We can also use (3.104):

~ P, P,
Gmy = Ga:y - ﬁ = /d22\/§szSZy — ig

~ ¥+« P, ~ Y« P, P,
= / d’z\/g (SN + Tx) (Szy+ mzy) -
~ ~ 1 ~ =
_ / &2y/5 828y + — / 4221/7 (8s2e P F 72 Por By
1 P
+W— /1771%

where we used that P and S are orthogonal and that ,P = P, from (3.87).
A solution to the equation

D?*¥(z) = n(z) (3.106)

reads
- [ @3/ @) + [ EyaPEyYE). (3107

We need to add the components of ¥ proportional to the zero-modes. Similarly, the
solution to

D*W(z) = (@) - [ Pyy/g Pla,yIn) (3.108)
(the source is orthogonal to the zero-modes) is
2) = [ PyvaGlaoyin) + [ dyys P y)¥(). (3.109)

A first consistency condition is obtained by integrating (3.101b) over a surface
and using the fact that the Laplacian is a total derivative

/d293\/_ < +m )G’(ac y)=1 —/de\/_P( ,Y). (3.110)

The m = 0 Green functions S© and G are then:
D5 ,y) = 17,80, y) = =Y _py),|  (3111a)

V9

~ R(x) 5(x —y)
D2GO) (z,y) = ( Ay +—22 )G<0) == 2 _ P(z,y). 3.111b
(z,9) 4 (z,y) = 7 (z,9) ( )
Note that the projection is identical for all operators.
Note that
~ LA

G(z,y) = Y (c1pm> Y L@UO) _ G0y s om?),  @112)

$>0 n£0 Al
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which follows by using (3.62):

@(x,y)=zwzzw

n#0 An n#0 A%O) +m?
\IJWL(:I")‘I"H(:U)]L Z m2s
= Z ——— 2N (=1 — |-
n£0 A §>0 An

As a consequence of (3.57), the mode expansion of the Green function G can also
be written as:

. (V@) (VEn(3))’
Gz, y) =) . (3.113)
= A (A, — m2)
The integrated Green function is denoted by:
Telg = / &22./g trp G(2). (3.114)

4 Conformal variations

In this section, we study the Weyl transformation of the different quantities used to
compute the effective action. A Weyl transformation of the metric reads

9w = €9, (4.1)
For an infinitesimal parameter d¢, we have:
09w = 200 g (4.2)
This implies that
6g~ Y2 = —26¢g~1/2. (4.3)
4.1 Zero-modes
The zero-modes transform as:
_$ A
’lﬁi,o =€ 2 ’lﬁz‘,o. (4.4)

- &
Indeed, from the transformation (A.50e), it is obvious that ;0 = ez, is a zero-
mode of D if 1); o is a zero-mode of D:

D@/}z"() =0 = f)’l,z}i,o =0. (4.5)

This directly implies that the number of zero-modes is a conformal invariant [37,
prop. 1.3]:
0Ny = 0. (4.6)

This is consistent with the transformation (2.34).

The variation of the other modes is discussed in Section 4.4. It cannot be as
simple as the transformation (2.34) for the field, in particular, because of the mass
and of the change in the normalization condition.
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The inner-product matrix (3.81) transforms as:

Iiz‘j = /de ge‘bzﬁo,i(x)fz/;o,j(x) (4.7)

such that

Srij = / 22,/ 56(2) vo.4(@) 0 (2). (4.8)

The fact that k;; is a functional of the metric shows that orthonormality of the
zero-modes cannot generically be preserved under a transformation [11]. We can also
write the variation of the inverse metric:

Skl = — / A2/ 86(2) k4o 1 (z) o o (z) K (4.9)

from
0kt = —ktokkL. (4.10)

‘We have the useful formula:

dlndet k;j = tr/d%ﬁdd)(m) trp P(z). (4.11)

This follows from:
Slndet kij = Strinkj = tr 68k, = K5k,
— [ oy, Ky, (@) 66()
= /anc\/g_](sd)(m) trp P(z).

The variation of the projector (3.82) reads:

O Pyy = _% (0¢pz + d¢py) Pry — /d2z\/§5¢z ProPry. (4.12)

following from (sum over % and j is implicit):
SP(z,y) = 8%o,:(z)K 40, (y)T + vo,:(2) K 6¢0,; ()T + vo,i(z) 0k pg  (y)!
= 3 vna(@)RTo,(0)! (06(a) + 56(»))
- / d%2:/g 6(2) 10,3 () Fpo 1 (2) 1o e (2) K9 20,5 (y)'
= —3(66(2) + 86W) P(z,9) — [ E2/356(2) Pz, 2)P(5,0).

Note the similarity with the variation of the Green function (4.21). We can check
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that it is compatible with the projector condition (3.84):

5 / dw\/g PPy = 2 / Q2wr/G s Pow Py + / Q2w+ /G 6Py Py + / Qw\/G Pou6 Py

) / AW+ /G 66w PrwPay

- / Pwy/g (—%(&px + 66w) Pow — / A22\/5 66, szpzw) Puy
+ / wr/g Pro (—%(5% +66y)Puy — / &22,/3 64, szpzy)

=2 [ @2y§59: PusPy — 5 (56 + 56,) Py
- / Qwy/G 66, Py Pyy — / &22./5 64, / &wr/G Pry P Py
- / &22./566, / Qw\/G PouwPusPiy

= — [ @286, PuaPay = 5 (662 +58,) Pay

where we used (3.84) multiple times.
[HE: Find the finite transformation of the projector (see Appendix C for some
attemps).|

Example: scalar field The case of a massive scalar field X [35, 40] provides a
simple example. Since the scalar Laplacian is Weyl invariant, see (A.51a), the single
zero-mode is also invariant:

A

Yo = tho- (4.13)
However, if 19 is normalized in the metric g,
1
k= | &z 21 = = —, 4.14
| Eavavi W= (4.14)

where A is the area of the surface with the metric g,,, then it is not normalized in
the metric §,,:
A

- /d%\/éng =4 (4.15)
Another possibility is to use the zero-mode vy = 1/30 =1 such that K = 4 and & = A.
This shows that it is necessary to keep track of the normalization of the zero-modes.”
When there is a single zero-mode, one can trade expressions in terms of the zero-mode
for expressions in terms of the area which has a simple variation, as was done in [35,
40]. However, this is not possible in the presence of multiple zero-modes.

4.2 Green functions

The infinitesimal variations of Green functions can be found by varying the Green
equations (3.93) and solving for the variation. For m = 0, we could directly find the
finite transformation since D transforms homogeneously under a Weyl transformation.

A familiar context where the inner-product matrices of zero-modes appear is in the definition
of the worldsheet functional integral [34].
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4.2.1 D Green function

The variation of (3.93a) gives:

é(z—y)
V9

such that convolution with the Green function yields

Dy08(z,y) = —(6¢(x) + 56(y)) — (6D5)S(2,y), (4.16)

65(z,y) = —(6¢(x) + 6¢(y))S(z,y) — /d2Zx/§5(-’v,Z)(5Dz)5(z,y)- (4.17)

Note that we need to symmetrize d¢(z) in the first expression to get a symmetric

expression in the second line. However, inserting the explicit expression of §D would

in any case give a symmetric result at the end even without symmetrizing now.
Using the formula (A.50), one finds

6D = —6¢ (D — m,) + % (P59) 2, (4.18)

following from: _
§D =i0Y = —i60 ¥ + % (D50) 1. (4.19)

Upon acting on the Green functions, the variation can be simplified further by using
the Green function definitions: (3.93):
o(z

T_gy) + (m'y* do(z) + %ﬂégb(m)) S(z,y).
(4.20)

This can be plugged in the expressions of the variations (for simplicity the
functional arguments are written as indices):

(6D2)S(w,4) = — (668(z) + 56(v))

585y = — (86 + 06by)Say — / 4224/3 S5, (6D,) S

Oy i
= _(5¢x + 5¢y)sxy - /dzz\/§ Sez l_% (6¢z + 5¢y) \/_‘% + (m7* 0. + %@5%) Szy]

- _%(&;sx + 8¢py) Say — / d*2/g S (m’}’*6¢z + % ($z5¢z)) Szy

F
(szWzSzy + SZZWZSZ?/))

i

1
= 200+ 89,)5uy 4 [ /506, (~mSurriSey + L

1
= —5 (800 +0¢y) Sy —m / d21/9 062 Sz27eSzy
1 b= m
+3 /d2z\/§5¢z (—sz(—in + M%) Szy + Soz iV, + 7*)Szy)
1
= =5 (00 +0¢y)Sry —m / d4°2/9 6 Sz274 Sz

1 )
+—/d2z 8, | —228 mzﬁ ,
2 ‘@d)M

where we used (3.93a) and (3.98) to get the last equality. Finally, we obtain

1
(5Sa:y = _§(6¢z + 5¢y)Szy - m/d2z\/§6¢z Szz'Y*Szy' (4'21)
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Let’s look for the variation of the Green function without zero-modes:
885y = 0S4y — % 8Py
= %(&;&x + 8¢y ) Vi Py + % / d®21/9 86(2) Y Pz Pry
- %(&m +86y) Szy —m / d?21/g 86z Saz¥sSzy
- _%(5% + 6¢y) Sy + % / d?21/9 ¢(2) Y+ PrzPry
-m / d?z,/g 66 (ga:z + 7*77]}2) Y (gzy + 7*:&21/)

. . L
= =5 (82 +06y) Say —m / d*21/9 06 Sza7e Sz

- /d2z\/§ 5¢z (gszzy + ')’*sz’)’*gzy)

where we used (3.104a), then (4.12). We then get:

_ 1 _ —
650y = = 5662 +66,) 8y~ m [ d22/566: Seseey

) ) (4.22)
_ / A22/§ 68, (SosPoy + PrsSay).

Let’s look at the variation of the constraint (3.102) [16, app. B|:
0=26 / 22/ Py,
—2 / 22/G 66, Py Sy + / &2\/G 6P 5., + / &22\/G Prs65s,
—2 / A22\/§66, Pos Sy
+ / d?z,/g [—%(&;&x +8¢.) Py, — / d?w.\/g 6u Pmez] Sy
+ /d2z\/§Pu [ - %(&by +06,)S.y —m / 2w/ 5P Saw e Sy
- / Pwr/G 66w (SowPuy + Pzwgwy)]

~ 1
—9 / Q22/§ 86:PrsSey = 5 (062 + 60y) | a2/ P50y

- /d2z\/§5¢z szgzy - /dzw\/§5¢w wa%
~ [ @wvass,| [ avaPaSi] (mvSu + Pun)

_ / Pwr/G 5w ( / d2z\/§szPzw) Sy
_9 / 422\/G 66, Pas Sy — / 4224/G 68, PrsBiy — / Qw\/G 5w PrwSuy,

where we have used (4.12) and (4.22), and then (3.102) to simplify. The result is
trivially zero, however, it can be helpful to derive the variation of G (x) (convolution
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of G and ), where 1 is an arbitrary spinor [16, app. B]. This provides a good test
that the variations are correct.

The finite transformation of SO (z,y) reads [16, eq. (3.32)]:

Sy = F80,e % + [ Puyg [ deygPoaue ¥ 50 Py

2 g0 % 2 g(0) (4.23)
—/d z\/g_]Pg,me_TS@zye_T —/d z ge_TSnge_TPg,zy.

This generalizes the formula found in [41-45] for the massless scalar. This is because

the Dirac operator transforms covariantly under Weyl transformations. It can be
rewritten as:

gé(,)) —e 2(¢$+¢y)5(0) +/d2w\/_/d2z gez(¢w+¢z)P wwS()

g,wz g,zy

_ (4.24)
—e T/d z\/gei‘bng,mS(O) —e_T/dzz gei‘ﬁZSéing,zy.

9,2y

Let’s check that the infinitesimal form of (4.23) reproduces (4.22) with m = 0.
The first term reads:

24250 T 5O %(5% 1 64,)89 |

g,zy 9,y g9,xy’

This reproduces the first term. Then, the second term reads:
/de\/_/dzz\/_Pwe__S;O;Z sz
S / d2uwr/G / E2/G (560 + 66,) PouS0) B,y

g,wz

_1 / d2uw/3 / E2v/G (565 + 68y + 66w + 66,) PoS®) P,

g,wz

0
/d2w\/_/d22\/_/d2 ,\/_5¢z’ ez ot wS;Z;z 2y
A ~ ~ 0
- / d?w\/3 / d?2+/3 / 422/ \/§ 8601 PrusSy, Pey P Pury.

g,wz

where we used (4.12) to get the first equality. All terms vanish because they each
contain an integral of G© and P without d¢ which vanish due to the orthogonality
condition (3.102). We will see that this term is necessary for solving the Green
function equation. The third term reads:

Sy

/d2Z\/_P:cze 522 N;Oz)ye_T
A 1 a
=2 [ @5 07 - 35¢Z>Pms§°z’y — 5 [ 422v3 665+ 69.) Po:S),
— 0
- / d*zv/g | d? P LSy,
_ 2 A > ~(0)
- / A21/§ 66, P50 |

Performing the same manipulations with the fourth term and summing all contribu-
tions together correctly reproduces (4.22).
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Next, we want to check that g{go) as given by (4.23) satisfies the massless Green
equation (3.59) if S éo) solves the massless Green equation:

ot T T ¢ =~ Z
Df,?%Sé?a),y — e 2% Dé?;e% [e_%Sé?zye_Ty + /de\/E/d2z\/§Pg,zwe_TSEO) e 2Py,
z [ T z
- /sz\/ﬁPg,me_%Sé?Z)ye_Ty — /d2z ge_%Sé?ize_%Pg,zy]
9 ) 0, z
=2t 7 (ﬂ - Pﬁ,wy) — e3¢ /sz g2 ( == Pﬁ,xz) e_%Pg,zy

Vi Vi
Say

_34. %y _3 2 sz 3
= — Pyoy—e 2 > Pyay+e 2% /d z ge2¢ZP§=ZZPy,zya

V9
(--+), such that Déo)

where we used (A.50e). We have assumed that P;,. = e ¥ .
kills the second and third terms by acting only on P; ... We need the last two terms

to cancel with each other:
_%y 2 ~ 3

[HE: Prove this relation and show that the Green equation is satisfied.] <5
Since we don’t know the finite transformation of P, we can at least check if

the relation above is compatible with its infinitesimal variation. Let’s check if this

relation is compatible with (4.12):

1)
_%sz - g/szx/ﬂszszsz

1
- / &22\/g Py [5(5¢Z+5¢y)sz+ / 2w/ 8w PowPay | -

We see that the RHS correctly equals the LHS after using (3.84).
Finally, it remains to check that 550) as given by (4.23) is orthogonal to P if S éo)
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is orthogonal to P:

[Py 5

_ / wr/G Py [e—§(¢w+¢y) 39+ / &2,/ / 422/ /Ges @90 p, S;o;z, »

_tw ~ 3
e Ce e A E VR T
o [ z\/_e2¢"Pg,wa§°Ly
—|—/d2w\/_/d2z ge2d’z/d2 '\/§e2¢ ngng,széz)z/ 9,2'y
_ ¥ / Pwy/g / 21/Ge3% Py Py S,

- / dwy/G el / a2 ge%%Pngg’;ng,zy
by 3
2

- [T E L, ¢ [ el [ EGe S P

_%y ~ 3
—e [ @i BLE, - [l [davgelnn, stéiz

_/d22 ge2¢z/d2 '\/§e2¢’P ng)z’ 9,2'y
- / Q2w /G o3t / P2\/5e3% Py SO P, .,
—0,

where we used (3.84) for the metric g to get the third equality. [HE: I am surprised
that it was not necessary to use (4.23) for the metric §. I think that it’s because it
was not necessary to write P, in terms of Pj.]

Particular case: no zero-mode In the absence of zero-modes, the transformation
(4.23) becomes directly:

SO = em2(@eten) Séf’;y (4.25)

Particular case: torus, odd spin structure We have seen in Section 3.3.3 that
there is a single zero-mode for the torus with odd spin structure. In this case, the
projector reads:

P(z,y) = % 1o. (4.26)

[HE: There is something strange here because varying the previous equation does
not seem to give (4.12).] This allows to simplify the finite transformation (4.23):

& 0 = ~ 3 0
Sé,%y (¢z+¢y)S§ :zy + = e /d?w\/g/de ge2(¢w+¢Z)S£,’Z)Z (4 27)
1 1 x )
— —e % /d2z §e%¢25’;0;y — Ze_% /d2z ﬁe%"bzsggoiz
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4.2.2 D? Green function

We follow the same method: the variation of (3.93b) is

D25G(s,y) = —(66(2) + 56(y)) ‘“—Jj”) _(DVG(y),|  (429)

and its solution reads:

0G(z,y) = —(04(z) + 04(y)) G(z, y) —/dZZ\/gG(w,Z)@Df)G(Z,y) (4.29)

‘We have

6D? = —25¢ (D? — m?) — (8"6¢) V,, +(P68)Y — % Aébg, (4.30)

which follows from using (A.51):

5D? = 8% = 266 V” ~ (8"69) V,u +@SH)Y — 5 A b6,
Action on the Green function, we get, after using (3.93b):
5(z —y)

V9 1 (4.31)
+ (2m? 66— (066) V. +(B6))Y — 5 A53) Gla,v).

(6D3)G(x,y) = — (36(x) + 6¢(y))

We can now compute the variation of the Green function:
5Gy = —(86p5 + 66y)Giay — / 422,/§ G (6D) G,y
- [ 256 (2m2 562 — (0166.) Vo + (@067 — 5 A 5¢z) Gy

= - [ @250, [2m2 GarGy + Gos Vg Vo Gy + Gas A, Gy

%
GV .Y.Gey — CeaV2Cey — § Gen DGy

- Gur T VT — § G .Gy |

- _ / d?z,/g0¢. [2m2 GGy + %sz A, G,y — %Gm‘&zazy

—
- Ga:szWszy - GzszGzy]
(_
(_
- GszszGzy - zeWszy]

1 1 &
= - / d2z\/§ 5¢z |:m2 G:chzy + 5 GzzDszy + 5 szﬁz«Gzy - GszszGzy]

_ (g 2 lag 0 10 o & ]
= /d z\/§6¢>z [m Gszzy + 5 Gzz\/g + 2 \/ngy GszszGzy )
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where we used Y° = A —R/4 and D? = —Y° + m2, and for the last equality (3.93).
Finally, we find:

1 «
6G$y = _5(6(;51 + 5¢y)G$y - m2 /dQZ\/E 6¢z szGzy + /d22\/§5¢z Gzzvzszzy-

(4.32)
Unfortunately, it is not possible to simplify the third term. When we introduce the
¢-function regularization in Section 5, we will see that the trace over Dirac indices
and spacetime positions has a simple expression, see (5.61).
It may be useful to introduce the operator D = i¥ + m~, in the last term since
they act in a simple way on the modes:®

1
6G93y = - 5(5(151: + 5¢y)Gzy - /dzz\/g 6¢z GzzEzDszy

(4.33)
—-m / dzz\/E(szz G- (§Z7* + V*DZ)GZZ/

following from

6y = —%(5% +56,) Gy — m? / L21/G 56, GGy
+ [ 215562 Goal(—T ) (V) Gy
= 5 (600 66,)Giy — 1 [ P2/55. GGy
+ [ 21/§68. Guos(D. — m7.) (D: = m7.)Gy

Using the relation (3.95), one can write:

1
6Gay = = 5(60a +66,)Gay + [ 422566, 515y

(4.34)
- m/dzz\/§ 0, (sz’)’*Gzy + sz’)’*Szy)

We can also find this expression by computing the variation of (3.96).
We also need to compute the variation of the Green function without zero-modes
(3.104b) in terms of itself. Writing (3.104b) and using (4.12) and (4.32), we have:

= 0P,
6Cay = 0Gioy — —2
1 (1 ,

1 ~ P, - P, " P,
- 5(5% + 8¢py) (Gmy + m—g) —m? / d?2,/g 66 (Gm + W) (Gzy + m_g)

~ P\ & ~ | P

m2

8However, we will see that it is simpler to manipulate (4.32) because {Y'V,} forms a complete
basis of eigenmodes.
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Using that ¥, P(z,y) = 0 since P is built from zero-modes and simplifying, we get:

5Ciyy = — %(&px + 66y)8y — m? / &2/ 56, CusCay

_ 5 o _ (4.35)
- /d2z\/§6¢z (szpzy + szGzy) + /d22\/§6¢z Gzz WszGzy-

In the case of the scalar field, it was found useful to replace §¢ by dK in the
third term [35, 40]. Inserting (A.57), we have:

/sz\/_6¢z Ga:zPZy /sz\/_ (_ + 4 A(SK) émZPZy

o W +5 / 22/ 0K (A; Gaz) Pay
= g/dzz\@c?Kz (—DZ + % + m2) észzy

A A
= L 0Ko Py + / d22,/g 6K, Py, P,

A 9 ~ m2A 9 ~
- / P2\/§OK. R, Gz Py + / &22,/g 6K, Cus Py,

since P and G are orthogonal (3.102), using Green’s second identity (A.16). In total,
we have:

- 1 ~ A A
6Gay = — 5(66s +66,)Gay + 7 (6Ko +3K,) Puy = 5 / &22,/§ 6K, Py, Py,

A N _
2 / &22\/§ 6K, R, (Ca sz + PGy

—m / 22\/§6¢, CunCy — 2 / A22\/G 6K (GusPiy + PrsGay)
~ —
+ [ 21/568.6o. Y .9.G
(4.36)
[HE: We cannot proceed like for the scalar case because the projector on zero-
modes is not constant.| <=8
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Let’s look at the variation of the constraint (3.102) [16, app. BJ:
0=26 / &22\/4 PrCsy
_2 / A2\/G 56, PssCay + / 2\/§6Ps, Gy + / &22\/5 Prr6Cy
—2 / 4221/ 86, Pay Gy
+ / d?z\/g [—%@%Jr 66) Pz — / d?w+/g ¢, Pwpwz] Gy
+ / &22\/3 P, [ - %(&pz + 857Gy — / Pw\/G 660 G Cruy
- [@wygsty (GovPuy + PauCun)
+ / Pwr /G ézw%m(ﬁwy]
—9 / 2/ 66, PyGry — / d22/g 66, PyoCay

- [ @uvgoo, Puu( [ 2vipitny)
~ oy ~
+ /de\/EdgwaZj( - szwy - Pwy + WwWwGwy)

_ /d2w\/§6¢w (/ d22\/§szPzw> Guy

where we have used (4.12) and (4.22), and then (3.102) to simplify. The RHS vanishes
identically.
Finally, we can get the finite transformation when m = 0 from (3.105) and (4.23):

~(0 3(0) (o
G = [ Va8,

~ _1 ~ = 3 ~
— [ % vas [e 1050+ [@wyg [ d I PrcwS), Porey

¢ id g
—e % [ d22\/Get 02 2y e /dzz @e%¢zsé?g)zpy,zy]
~ ~ i rad
= /d%ﬁngc [e_%(¢<+¢y)5£§?<)y - G_TC /d2z gegd)zsggz?c)ngvzy]'

To get the second equality, we have replace only one Green function with (4.23), and
used the orthogonality condition of S and P in the metric g. [HE: Simplify after
finding the finite transformation of the projector.] <=9

Particular case: no zero-mode If Ny =0, we have P(z,y) = 0 such that:

- 1 - -~ ~ - < -
6G$y = _5(6(;5% + 5¢y)G$y - m2 /d2z\/§ 6¢z Gzszy + /dQZ\/gdd)z zeWszGzy-

(4.37)
We can also obtain the finite transformation from (4.25):
ég?%y = e 3(%et0) / d*2v/g e gé?izgé?z)y (4.38)
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Particular case: torus, odd spin structure For the torus with one zero-mode,
using P(z,y) = 12/A, (4.36) is:

~ 1 ~ 1 1
6Gay = = 5(660 +66,)Cy + ; K+ 6K,) = 5o [ P2/goK.

- 1—16 / A22\/G 6K, Ry (Gos + Osy)

9 (4.39)
—m? / P2y/566: GaGoy — 1 / 22\ /56K, (Gus + Cay)
S
+/d2z\/§6¢z Gz W Wszy
The form of C:'g,)%y can be simplified in this case:
ég?.%y = o~ 3($atdy) /dzz ge_%gé?izgé?z)y
(4.40)

1 — ~ 3 ~(0) =
B ARG RS Gt

4.3 Geodesic length

The infinitesimal variation of the geodesic length reads [40]:

50(z,y)* = L(z,y)* (5¢(z) + 6 (y)) + O(£Y). (4.41)

This can be rewritten as:
61n (120(z,)?) = 66(z) + 09(y) + O(£2). (4.42)

[HE: prove these relations]

4.4 Eigenvalues and eigenmodes

The variation of the eigenvalues and eigenmodes under the perturbation (4.2) can be
found by applying perturbation theory [35, sec. 3.2.2, 40, sec. 2.3] (see [46, sec. 5.1]
for a review). In the rest of this subsection, we assume that all eigenvalues are
independent to avoid the difficulties arising in degenerate perturbation theory: the
validity of the formulas in the general case follows by continuity [35, p. 15].

First, we note that the normalization condition (3.52) is not preserved and gives
the relation:

(0T | Tn) + (U |65) = —2(TU,| 66 | Ty) | (4.43)

This gives immediately the contribution to the variation §¥,, which is proportional
to U,,:
(‘Pnlé\yn> = _<\Iln| Yo |\Iln> . (4‘44)

Note that, in usual perturbation theory in quantum mechanics, the RHS is zero.
Multiplying with (¥,,| on the right and summing over n gives (after renaming n <> m):

(0Un| = —2(Tn| 66 — Y (Vp|6Trm) (U] . (4.45)

ne”Z

Note that it includes the zero-modes.
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The variation of the eigenvalue equation (3.51Db) is:
§D?|W,) + D5 |¥,,) = 6A, |¥,) + Ap 8 |Ty,) . (4.46)

Applying (¥,,| yields the equation:

oA, =(U,|6D?|¥,). (4.47)

Next, multiplying on the left by (¥,,]|:
(U | D2 |6W,,) — Ay (U,,|60,) = 6A, (U,,|T,,) —(¥,,| 6D? |T,,)
(A — Ap) (U |69,) = 6Andimn — (| 6D? |T,,) .

Note that this is trivial if m = n. The next step is to multiply with |¥,,), sum over
m # n, add |¥,) (¥,|0¥,) on both sides and use (4.44) in the RHS:

8 10) =~ (Wal 881 0) 1) + 3 1 (W[ ODP W) (W) | (49

meEZ
m#n

Using the expression (4.30) for §D? gives:

6Ny = — 2(Ap — m2) (U, | 66 |W,) + (T, | (D6S)Y |T,)
1 (4.49a)
—(U,| (0"09) Vu I‘P ) — —(\I/nl Adgp|¥y),

§|¥n) = —(Un|6¢[¥n) 22 Ui |66 |Tn) (V)
m;én
EZ A= A [ (U] (B6Q)Y | W) + (W] (0#64) V| Ty)  (4.49D)
m#n
1
4 (U] A0, | [0).

We can compute each bracket independently. The first term in the parenthesis in
the second line is:

(Wl @3B 190) = [ /g Un(a)! (@50)Y T (a)
= — [ @2y556(@) [Un(@) V*Wal(e) + Vn(2) TV 0 (a)]
—_ / &\/§ 69(2) V(@) (~D? +m?) ()

- [ @2y/58¢@)Tn (@) (D — m) (D = m7)¥a(2)

= (An — m2)<‘1/m| 66 [¥n) — (AmAn + m2)(‘I’m| 0¢ |¥y)
+ m()‘m + )\n) <\Ilm| 6¢ Y |\Iln> .

After simplification, we get:

(U] (FS)Y [ W) = (A — 102) (1] 56 ) — (U] V66 Y )
= [(An - mz) + (AmAn + mz)] (Urn| 60 [¥p) (4.50)
+ m()\m + An) (\I/m| 0P Vs |\Iln) )
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The second term is:
(Tl (966) V, [¥0) = [ P/ Un(2)}(8766) ¥, Wa(2)
—_ / P2/G56(@) [T (@) AT (2) + U (2) T4V, Ty (2)]
_ / L\ /G 5 () U ()t (—D2 +m? 4 ?) W, ()
- / 2,/§56(@) Um(2) 4 ¥, U (2).

After simplification, we get:

(U (0#58) Vs 1) = (=m0 = 1) (U] 56 [0} (01| §766 ¥, 10,). (451)

Finally, the third term is:
(Ul 858 |¥n) = [ doy/5 ¥ () (A 6)V T (a)
_ / &\/§ 56/(@) [T (2) AV (2) + V() AT (2)
+2 U (2) V4V, ()]

= / d%z./g 6¢(x) :\Ifm(ac)T (—02 +m?+ %) ¥y (z)

+ () (—52 +m? + %) \Iln(a:)]
42 (U V486V, [T) .
After simplification, we get:
(Upn| A5 |T,) = (—Am — A+ 2m2 + g) (U] 6 [ W) + 2(Upn| V166 V,, [T,

(4.52)
Combining all three terms together, we get:

(W] (B58)V [ ) (Wi (39568) V(W) — 5 (U] A 66 [2)
= (Ao = m2)F {55 1%0) — (W] 50 1) — (A7~ Zﬁ(wmwmw
+M— % (—Am — Ap +2m? +g) (U 60| 0,,)
_<\II & 1% \II">7

which yields finally:

(W] (B5)Y [21) — (Wi (066) Vi [) — 3

_ (@ _ m2> (Un] 66 V) — (U] V5 [0,

| A5G |T,)
(4.53)
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This allows to simplify the variation of the eigenvalues and eigenmodes:

A = —(Ay — ) (W 59 T,) — (T, %w T, (4.54a)
1 1
6|\I’n> =_§5¢|l1jn> _< n|5¢|\IJ mEG:ZA A m|6¢|\11n> |IIlm>
m¥#n
m#A0,;n =" m
(4.54D)

following from:

5100) = —(Un| 66 T,) |T,) —2 3 2m i (Fal8918,) [ )
meZ
m#n
1 Ay + A, &
+ 30 [ (B - ) (0 50120) — (0l V38V 10} | )
mi% n m
B 1 (Ap—A, )
= — (W] 56T |¥,) +W§ZA S (B A ) (0] 56 01 [ )
m#n
-y V| V66V [T) [U,)
mezA _A o R
m#n
1
= _<\I/n|6¢|\1/n> |\I’n> D) Z <\I/m|6¢|\1,n> |‘I/m>
<_
_y A A (Wl 8910 () = 35— _A (U V66 Y [T0) )
i e

We obtain the result above by using the resolution of the identity. Note that the
term m = 0 in the last sum does not contribute since Y¥q = 0.

Note that extending the formula (4.54a) to the zero-modes correctly gives A9 = 0
since Ag = m? and Y¥g = 0. [HE: Check what happens for ¥ and if we need to
include m = 0]

5 Gravitational action

The gravitational action (3.6) is defined as the WZW action for the metrics (g, Guv):

Serav([9, 9] := Sett[g] — Sett[9] (5.1)
where the effective action is (3.4):

1 D?
Seﬁ‘ = _4_1 In det ﬁ’ (52)

where the scale p has also been introduced here to make the argument of the logarithm
dimensionless [47, p. 188]. It can be properly derived by relating the measure for the
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field with the measures for the modes [40, p. 4]. The simplest method to compute is
to consider two metrics related by an infinitesimal Weyl factor:

59;“/ = 2guu5¢- (53)

However, we first need to regularize the expression of the effective action which is
divergent as it stands.
We have found in (3.56b) the expression for the Green function G in terms of
modes: 1
G(w,y) = Z —\Iln(:z;)\Iln(y)T, (5'4)
nez A"
It is well known that this the Green function diverges at coincident points and
behaves as

1
G(fL',y) N~y _E 11'16(.’17,y)2, (55)

where £(z,y) is the geodesic length between points z and y. [HE: prove it| For this
reason, it is necessary to introduce a regularization. A simple regularization is to just
remove this singularity and to define the regularized Green function at coincident
points as:

Ga(e) = lim (Gla,9) + 4 In (Ua.0)?), ) (5.6)

where p is a scale inserted for dimensionality. However, We will consider (-regularization

in the rest of this paper. In general, we will omit the second position for all bi-local
functions when z = y, i.e. G(z) := G(z, z).

5.1 Spectral regularization

First, we define the bi-local (-function for the operator D?:

((5,2,9) == 3 1= Un(@)Tn(u). 57)

nez

and the corresponding integrated version:

¢(s) == /dzx trp ((s,z) = Z %, (5.8)

nEZL

where trp is the trace over Dirac indices.
The zeta function can be obtained as the Laplace transform of the heat kernel
K(t,2,y):

1 / o -1 1
soy) = —— [ att L K(t,z,y), / AT K@), (5.9
¢(s,z,y) TG) Jo t,z,y), (s =T ). (5.9)
The heat kernel can be expressed in terms of modes as:

K(t,z,y) Ze Antg (2)T,(y)T, K(t): Ze’A"t (5.10)

which is a solution of the diffusion equation:

<(‘11t + 02) K(t,z,y) =0, Kt 2,y) ~io ‘5(”3—\/‘5?’) 1. (5.11)
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It also dies at t — oo when m?

zero-modes:

> 0, otherwise it reduces to the projector on
2
>0,
lim K(t,z,y) = m2
t—=oo P(z,y) m*=0.

The Green function can be recovered either as the s — 1 limit of the {-function,
or as the integral over ¢ of the heat kernel:

(5.12)

Glayy) = lm(sa9) = [ deK(t2,) (5.13)
s—1 0

The boundary condition above directly demonstrates the short distance singularity
of the Green function.
Finally, it can be helpful to introduce the generalized heat kernel

e—tAn
K(s,t,:z;,y) = Z As \Iln(x)‘I’n(y)Ta (514)
neZ n

which allows to recover both the (-function and heat kernel for t = 0 and s = 0
respectively.

The behaviour of K for small ¢ is related to the asymptotics of the eigenvalues
A, and eigenfunctions ¥,, for large n, which in turn is related to the short-distance
properties of the Riemann surface. It is well-known that the small-¢t asymptotics is
given in terms of local expressions of the curvature and its derivatives and that on a
compact manifold without boundaries one has:

1

K(t, T, y) ~t~0 4_ € o) /4 Z ak(m7 y) tk' (515)
mt k>0

The Seeley-DeWitt expansion ay(x,y) coefficients can be computed recursively using
normal coordinates around z. This simplies for = y since ¢(z,x) = 0:

1
K(t,z) ~poy — tk. 1
(,.’L‘) t~0 47Tt gak‘(w) (5 6)

and this is the only expansion we will need. The first two coefficients at coincident
points [47, p. 194]:

ap(z) = 1g, a1(z) = — (1—R2 + m2) 19, (5.17)

where 15 is the 2-dimensional identity matrix for Dirac indices. This gives the
expression:

A x m2A
Kit)~peg — — 5 — —— 1
(1) im0 oo~ X = A 1 0(1) (518)
The (-function has poles at:
sel—k, k e N. (5.19)
For s = —k € —N, the (-function admits an analytic continuation:
—1)k k!
C(—k,x) = % ag+1(z). (5.20)




Moreover, the residue at s =1 is:

Ress=1¢(s,x) = ll—%(s —1)¢{(s,x) = i ap(x) = % 1. (5.21)

Using (5.27), the heat kernel K is easily related to the massless heat kernel as:

K(t,z,y) = e ™ KO (t,2,y). (5.22)

Indeed, the derivative of e™’t ig equivalent to shifting D(®?2 by m2, which corresponds
to D2.
Next, we need to convert the expressions for the functions without zero-modes.

‘We have:

s,2.0) = C(o,m9) — L)

LA =cl) - e (523)

where Ny is the number of zero-modes (3.86). As a special case, we have:

4(07 Z, y) = ((Oa T, y) - P(‘T7 y)? E(O) = C(O) — No. (524)

Note that we also have the simple equality between the massless {-function at s =0
and the (-function without zero-modes:

{9(0,2,y) = ¢(0,z,y) (5.25)

since they do not depend on the eigenvalues for s = 0, and this is the only place
where the mass appears.
The heat kernel without zero-modes has the following limits as t — oo:

: T _ . m2t - _
tllglo K(t,.’l},y) - O, tllgloe K(t,.’l;,y) - Oa (526)

generalizing (5.12). The second is stronger and follows from the fact that A is
strictly greater than m2. A useful relation is:

d 2\ 7~ _—m?t d m2t -
(& +m ) K(t,z,y)=e T (e K(t,x,y)) . (5.27)
The regularized {-function is defined by removing this pole:
. Ress—1¢(s,x) 1
CR(S,‘T) = C(Sa I) s—1 - C(sv l‘) 471'(8 — 1) 1o, (528)

where p is the same scale as the one appearing in (5.2). We will see below why it is
needed. Then, the (-regularized Green function at coincident points is defined has:

1

G¢(z) == lim <u23—2 ¢(s,z) — (s =1) 12) =(r(l,z) + % 1o In 2. (5.29)

s—1
The same holds for the Green function without zero-modes, and one finds that
(3.104b) generalizes:

Gele) = lim 4> Ca(s,2) = Ce(e) - % P(z). (5.30)
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It is possible to show that G; and Gr defined in (5.6) differ only by a constant
(v/2m) [48, 40, sec. 2.2].

The spectral regularization of the Green function also provides a regularization
of the determinant appearing in the effective action (3.4) [47, sec. 5.3.3]:

=—= Z ln — (5.31)

n;éO
The sum can be regularized with the {-function as
1. A,
ln — = lim —In—, 5.32
n;éo s—)O% A3 p? ( )
giving:
1 ~ ~
Set = 4 (¢'(0) + C(0) In p?). (5-33)
The first term follows by noting that:
d 1 In A,
- = = . .34
ds A$ A3 (5:34)

The (-function at coincident points ((s, ) is a scalar for s # 1. In particular, we
have

Ao trp ((s,z) = trp Ay 2g1/2((s, 7), (5.35)

where A; is the spin-s Laplacian (this relation is obviously true only at coincident
points and not for z # y).

We have seen that {¥,} is a complete basis for D?. This implies that the
¢-function (5.7) can be written as:

W\I'n(w W\I’n(y))

-m?) "’

(5.36)

(s, )—Z

n#0

where the additional factor in the denominator indicates that the basis is not
normalized. This allows to obtain the relation:

T . =
Z V‘I’n( i(zifln(y)) = ((s,z,y) — m2 C(s+1,z,y), (5.37)
n#0 n

which follows by inserting (A, — m?) in the numerator and denominator and using
(5.36):

YU (2) (Y0 (y))' An—m
3 () (Y¥n(y)) Z( %)

t
n#0 Af{i_l 0 AS‘H(A ) W\I/n(x) (W‘I’n(y)) .

Using the {-function, we can rewrite the mass expansion (3.112) of the Green
function as:

G(z,y) = GO(z,y) + Y (-1)*m*{(s + 1,2,y). (5.38)

s>1
[HE: Compute A tr{(s,z) and use this to find which equation solves A tr G(z, y)]
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5.2 Computation of the gravitational action

The goal of this section is to compute the (-regularized gravitational action. We
consider the infintesimal variation of (5.33) under the Weyl transformation (4.2):

0Set =

(6¢(0) + 8¢(0) In p?). (5.39)

|

Hence, we need to find the variation of the {-function. This can be written in
terms of the variation of the eigenvalues:

oA,
Af{"l :

5(s)=—s)_ (5.40)

neZ

Since A9 = 0, both {-function with and without zero-modes have the same variations:

0¢(s) = 8¢(s). (5.41)

This is convenient because it allows to treat both the massless and massive cases at
the same time.

5.2.1 Variations of spectral functions

First, we can then use (5.37) to write:

S ot (Ul V567 [Wa) = 3 (Wl 68]00) = 12 3 s (80l 562

+1
n#0 An n#0 =M n#0

(5.42)

¢-function We first derive the variation 6{(s,z,y). To simplify the computation,
we assume that there is a single zero-mode Ny = 1: the same results could be
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obtained by keeping Ny arbitrary but using P(z,y) and . Using (4.54), we have:

5<(S x’y — 62 ﬂ(x) sn(y)

neZ A
=3 4 @) + Y 5 e szAsH (@) Un ()
neZ neZ neZ
== % 5[5 O TA@) + 5 (Bl 8910) V()
+T§ZA o (| 56| 80) Win(@)
m#n
Vo6 Y 1,) ()| 2a(v)'
+T;ZA —A ml n m n\Y
m#n
= X g5 (o) |5 00T 0)' + 5 (Bl 8910) Vo)
nez
L (00156 8) W)
(T, W Y (%) Upn(y)t
+%ZA S (U T80V 19) U]
+ 3 | (o = ) (0] 80 90) + (0] 56 Y 190) | 00 (0) 000
n;éOA

(5¢)($) + 5¢(y)) (S z y + Z As (3 -1- Ai )(‘Ilnl 5¢ |\Iln> \IIn(x)\Ifn(y)T

neZ

AT A m? (A5 — Ay) t

- m,;ez [A%_lAfn_l(An _ Am) + A%Afn(An _ Am)] <le| 5¢ |len> lIIm(x)lljn(y)

m#n

AS — A

+ Z AsAs s (An m)( m| (Y_75¢W |¥n) \I’m(ac)‘I’n(y)Jr

m;én
F Y S (U T Y [0) (@) 1)

n#0 Ar

To get the fourth equality, we have exchanged m < n in the fourth to sixth lines,
and used the relations:

1 An _m2 Am _m2 1 s 2 s 2
An—Am[ A5 A3 ] AsAS (A — Am) [As,(An —m?) — Ap (A — m*)]
1 §— s— s E]
= Rhs, (A = Ay AmAn (A5 = A7) £ m (AL — AL)],
;[i _ L] _ M-
Ap— A (A3 A3l ASAS (An— Ap)
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Hence, we have:

(s,2,9) = 3 (50(2) + 56(0)) (s, ,)
mQS
+ Z A <8 —1- A, ) <\Iln| 0 |\II"> ‘I’n(w)\I’n(y)T

nez

+ZAwﬂwvwvw>nw%wﬂ

n#0
by [N s A (543)

m,neZ Afl_lAfn_l(An - Am) A%Afn(An - Am)

m#n

< m| 5¢ |lIIn> \Ilm(flf')\lln(:’l)]L
AS — A3, <
T

+ m;;éo AsAs (A _ Am) (‘IITTL' W‘W’W |\Iln> \Ilm(g:)llln(y) .

m#n

Using the following limit:

tim Z =Vl (a* — (@4 )7) =~ lim L (1~ (1 +¢/2))
yl_l')I:lt w_y —el_I;I(l)ex T € = T 11m €E/T

1
= —z° ll—IE(lJE (—es/z) = sz*7 L,

we obtain the limits with eigenvalues ratios:

NS — A3 s
W KA, (B — A) — ATFL (5442)
As—L— As-L m2(AS — A2) s—1 sm?
i [As A (A — Am)  ARAG(An — Am)] Ta a4
This shows that we can rewrite (5.43) as:
1
5C(Sa z, y) = - 5(6¢(.’B) + 5¢(y))C(3,$,y)
As—l _ As—l m ( A )
+ Y | = |
s s _ As As m
m,neZ A Am (An Am) ( ) (545)

X (Uyn| 66 [Wr) ‘I"Tn(x)‘l'n(y)Jr

A7, — A7, < T
! m%o Aihe (A, = Ay Ul VOOV W) U (2) ¥n(y)'.

by evaluating properly the case m = n.
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Next, we want to find the variation for the {-function without zero-modes:

c P
63(s, ) = 6¢(s,2,y) — n(;;f'/)
- _%(5‘1’(””) +06(y))¢(s, 7, y)
A — AT m>(A5 — A5,)
+ _
m,zn:ez [Ai‘lAfn‘ YAn—Am)  ARAG(An — Am)]
X (Ui | 86 [U3) Wi (2) Ui ()]
AS — A3, « T
t 2 Rk (= Ay (U V00T ) Won{a) )

P(w y

+%(5¢(x)+6¢(y)) 2Vg09(2) P(2,2)P(2,9)

- —%(6(]&(33) +86())C(s,7,)
Ayt - A m?(A7, — A3)
" m,Xn;éo [A%_lAfn_l(An —Am) AR (A - Am)]
X (Ui | 66 [ W) Wi () U (1)

N Z [ As 1 _m 2(s—1) m2(Afb_m2s) :|

0 As 1m2(3 1)(A —mz) A%st(An—m2)

X (0,3 66 W) K750, () Un (y)
2(s 1) _ As 1 m2(m23 _ Afn)
+ Z [mQ(S 1)As 1( Am) - mZSAfn(mQ _Am):|

X (U | 66 [100,5) Ui () 6700 5 ()T

" <¢m_231 ﬁ%) (tho.il 56 |4 07 (@)K Yo e(y)!

AS Afn — T
" mzn;éo AsAs (A, — Ayy) (Un| VoV W) Uy () Un (1)
+ 123 dQZ T, Z)P(z, y)
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using (4.12) and (5.44). After simplification, we find:

53(s,7,) == 5 (68(z) +59()) (s, 7,)

AS—]. _As—l mZ(AS _AS )
+ |: — "8_ m - n m :|
m,zn;éo An 1Am 1(An - Am) AnAm(An - Am)

X (Upn| 60 | W) U (€)W ()
As 1 _ 2(3 1) mZ(Az _mzs)
- Z [AS Im2(s=1) (A, — m2) -~ Asm2s(A, — m2)]

n#0
X (01| 66 |Un) 6710 5 () Un (y)T
Z |: m2(s—1) — As—1 m2(m23 — AS ) :|
+ m _ m
0 m2(s_1)Afn_1(m2 — Am) ’I’I’Lz‘(”A;(”n(’I’TL2 — Am)

X (U] 66 |%0,5) U (2) K105 ()’

b Y e (0l 50V [8.) Un(0) )

m,n#0

(5.46)

Next, we are interested in obtaining 0¢(s). First, we integrate (5.45) over x =y
and take the Dirac trace, using

/dzx\/§ trp U () Tp (2)' = Sin. (5.47)

This implies that only terms with m = n in the sum contributes, such that double
sums reduce to a single sum. We find:

1
/d%\/g trp 8(s,2) = (s = 2) 3 = (Ul 66 [Tn) —m SZ (W 66 |0,)
nez ~n neZ
As—l m 2(s—1) (A% _ m2s)
+Z [As Im2s-1 (A, — m2) ~ Asm2(A _m2):|
n#0 n n

X (t00,6] 66 W) K0 5 () T (1)
m2(s—1) _ Afn_l mZ(m2s _ Afn)
[m2(s—1>Af,:1(m2 —Ap) mZA5(m2 - Am)]

< |6¢|wm> U (2) 1P, ()
+SZ s+1 (Un |W5¢V|‘I’ ) -

neZ

+ 2

m#0

(5.48)
Using (5.42), this finally gives:

9 m?s
/d oG trn8(s,7) =2 Y 1 ( _A_n><‘1’”|5¢|‘1’">

neZ

By / dxy/§86(x) trp ((s — 1)¢(s,2) — m?s (s + 1,2)).
(5.49)
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Next, we want to obtain the trace of ((s,z,y) from (5.46). We see immediately
that the additional cross-terms with zero-modes and non-zero modes in (5.46) com-
pared to (5.45) do not contribute since these modes are orthogonal. Hence, the only
difference with respect to (5.49) is to use tilde functions:

9 m?s
/d /g trp 68(s, z)—2ZAS ( -0 )(\I/n|6¢|\11n)
n#0 n

= 2/d2w\/§5¢(x) trp ((s —1){(s,z) —m?sC(s+1, w))

(5.50)
Let’s check if (5.49) and (5.50) are consistent. Using (5.23), we can write:

(s = 1)¢(s,x) —m2s¢(s+1,2) = (s — 1) (Z( , 1:,523?) —m?s (E(s—l— lL,z)+ m]:((i)l))

= (s —1){(s,z) —m?sC(s+1,z) — P(;US)
such that
/an:\/E trp 0¢(s,x) = /dzx\/_a trp 6C(s, ) — n% /dzw\/ﬁ&;ﬁ(a:) trp P(z).

(5.51)
We can also use (5.23) and (4.12):

/de\/_ trp 0¢(s, x) /de\/_ trp (6((3 x) + (a:))
—/d a:\/_ trp 6(s, z) z4/g6¢(z) trp P(x)
oVa / d2y¢§6¢(y) tep P(2,)P(y, ).

Using (3.84) to simplify the last term correctly reproduces the formula above.
To find d¢(s), we need to add the variation of the conformal factor:

6C(s) = 2/d2m\/§6¢(x) trp 6C(s, x) + /d2m\/§ trp 6C(s, z). (5.52)

Adding this with (5.49) gives:

1) 3—23 1—— | {(¥,|60|¥,
(s) = (s) §A< A)< 166 ],)

= 2s/d2m\/§5¢(a:) trp (E(s, z) —m2C(s + 1,1:)).

(5.53)

As an exercise, let’s check that evaluating (5.40) gives the same formula:

<_
- = _ 2
s% As+1 81§)AS+1 ( n—m*) (V|86 |¥y,) +(T,| 775¢V|\Iln>) .

Using (5.42), we recover (5.53).
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We also need to compute the derivative:

50(s) =2 (1455 ) [ Paygos@ n ($os,o) - m?ls +1,0))
= 2/d2x\/§6¢(x) trp (E(s, z) —m2C(s + 1,:8)) (5.54)
+ 2s/d2x\/§6¢(w) trp (E’(s, z) —m2C(s+1, z))

We can now evaluate the variation and its derivative at s = 0. Fist, we have:

5(0) = - / &2,/ 56(2) (5.55)

using that ¢ (s,z) is regular at s = 0 and

. x . _ 1
g%s((s +1,z) = ll_r)r(l)sg(s +1,z) = Ress=1((s,z) = i 1o.
The first equality follows by using (5.24) and that the projector term is independent
of s. The last equality follows from (5.21).
Similarly, we find for the derivative:

5¢(0) = / Lo/ 56(x)R(x) — 2m? / Lay/G66(x) (trp Ge@) + )
- 2/d2x\/§5¢(x) trp P(z) + ? In p2 /de\/g do(z).

(5.56)

This follows by noting first that
lim 5 {'(s,z) =0 (5.57)

and that
a\ ~ - - 1

hm (1 +s £> C(s+1,z) =Cr(1,z) = G¢(x) — o 1o In g2, (5.58)

where the regularizd {-function and Green function were defined in (5.28) and (5.29).
We have:

50(0) = 2 / &2,/ 56(z) trp (% - P(a))
—om? / &22./566(z) trp (ég(w) + % 1o In ,ﬂ)
_ —2/d2xf6¢ @) trp (41 (g +m ) 1, + P(z))
—om? / &2./g86(z) trp Ge(x) + m; In 2 / &22./566(z).
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Green function For s = 1, we correctly reproduce the variation of the Green
function (4.32) from (5.43):

6G(z,y) = 6¢(1,2,y)

1
—§<6¢<x>+6¢< Loy = ¥ 1o

m,n€”’

(Um| 09 |¥n) \I/m»(m)\I/n(y)Jr

+ T A (Ul V86 7 [2) U () T (v)'.

m,ne”

(5.59)
Similarly, we can check that we reproduce correctly the variation (4.35) of the
Green function without zero-modes:

@@wzﬁlww

— 5 (66(2) + 3621, 7,5) — 3 o (Ul 56 n) Um(2) T ()'
m,n7#0

Z — (101 6| x) K910,5(z) Tn(y)!

n;éO
- Z (U 66 [190,4) U () 7 1P0 5 (y)T
m;ﬁO
<_
T
+m2n;0 i A (U] V8OV [¥n) U (2) T ().

(5.60)

We have seen that it is not possible to simplify the variation (4.32) or (5.59) of

the Green function further without taking the trace over Dirac indices and spacetime,

which is what we will need to compute the action. The integrated trace of the Green
function is given by (5.49) at s = 1:

/de\/_ trp 0G(z /de\/_ég (1,z) = —2m? /d2x\/_6¢ z)trp C(2, ).

(5.61)

Finally, we want to compute the variation of the regularized Green function

(5.29). The simplest way is to use the fact that 0G¢ = 0GR since G defined in (5.6)
differs from G¢ by a constant.

6G¢(z) == <5(~}'(m, y) + % §ln (p?(z, y)z)) (5.62)

lim
y—>$

[HE: How to get this from (5.29)7] The variation of the geodesic distance is given in
(4.42)

§1n (u*4(z,y)%) = 6 (z) + 6¢(y), (5.63)

and the one of the Green function in (4.32) or in (5.59). Again, we cannot proceed
further without integrating the variation. Using (5.61), we find:

/de\@ trp 6Ge(x) = —2m2/d2m\/§5¢(m) trp C(2,z) + %/d%ﬁ&qﬁ(w).
(5.64)
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Finally, we find the variation of the integrated Green function (3.114):

§Uglg = 2 / &w\/569(x) trp (Gla) - m* E(2,2)) + / &22./566(z),| (5.65)

following from:
Veqlg] = 5/d2x\/§ trp G(z)
= 2/d2a:\/§ 6¢(z) trp G(z) + /d2x\/§ trp 0G(z).

Heat kernel The variation of the integrated heat kernel (5.10) is

SR (t) = —2t (% + m2> / Loy /G56(x) trp K(t, o), (5.66)

This follows from:

SE(t)=—t) e MtsA,

n#0
=t Z o Ant ((An - m2)<\Iln| 00 |U,) + (T, (Y_75¢W |\I’n>)
n#0
=2t > et (A — m?) (W66 |T,) )
n#0
— =2t (g m?) 3 e (] 80 1),

n#0

using (4.54a) and (5.42) with s = —1. Using (5.22), the variation can be simplified
further as:

SR (t) = —2t et / &2\/G56(z) trp % KO, ), (5.67)

where K is the massless heat kernel.

5.2.2 Variations of effective action

Summing (5.55) and (5.56) together, we obtain the variation of the effective action
(5.33):

&%~—/%IWW?——/ﬁWMW“@d);)
-5 /d%\/gdgb(w) trp P(x).

(5.68)
We see that the terms in In u? cancel. Moreover, we can use the relation (3.104b) to
combine the projector and the Green function without zero-modes:

O5er = ——/dzw\/_&f) z)R(z) - —/dzm\/_éqb z)trp (GC( )+ 417r)

(5.69)
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In order to integrate this equation for a finite transformation, we need to express
each term in terms of a total variation. The first term is easily recognized as the
variation of the Liouville action

55y, = ﬁ / &%2\/G 56(2) R(z). (5.70)

The third term is the variation of the log of the determinant of the zero-mode
inner-product matrix (4.11):

dlndet k = tr / d?z+/g 6¢(x) trp P(z). (5.71)

At this intermediate stage, we have:

1 1 m? 2 = 1
=" 19 5 - +—. 5.72
0Ses 1 0SL 5 dlndet k 5 /d z,/g6¢(z) trp (G’C(m) 47r) (5.72)

The last term can be rewritten as:
2/d2x\/§ 0¢(zx) trp éc(ac) = 6/d2x\/§ trp G‘C(x) - /dQ:c\/g} trp (5@4(3)). (5.73)
The second term in this last expression can be expressed as (5.64):
/d2a:\/§ trp 6G(z) = —2m2/d2m\/§ 6¢(z) trp C(2,z) + %/d%\@ dd(x).
In total, we have:
/d2m\/§ dé(x) trp (@g(w) + %)
_ % / &a,/g6(z) + / &2,/g6(z) trp Ge ()
= % /d2x\/§5¢(m) + %5/d2m\/§ trp Ge(z) — %/d%\/g trp 6Ge ()
= o [ Eevg85(a) + 56 [ Py n Gelo)
+m? [ @ y5ooa) nl@,2) - o [ deviaa).

To summarize the current state of the action, we have:

1 1 m? 9 ~
5Sus = — 75 851 — 5 Slndet s — T<5/cl /g trp Ge(z)

4 (5.74)
- m? /d2:c\/§5¢(x) trp C(2,z).
We need to express the term with ((2,z) as a total variation.
First, we rewrite ((2,z) in terms of the heat kernel using (5.9):
~ 1 [
2,x,y) = —/ dttK(t,z,y). 5.75
¢(2,2,9) @ Jo (¢, z,9) (5.75)
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Let’s recall (5.27) which we will need several times:

d T _—m?3t d m2t -
(dt +m ) K(t,z,y) =e " (e K(t,x,y)) . (5.76)

This allows to prove two useful relations. The first is:
* 2 d 2\ 7 = 4 [T
/ dt (m?+1) (E +m )K(t,x,y) — _R(0,2,5)+m / dtt K (t,z,y), (5.77)
0 0
which allows to obtain tK (t). It follows from:

/ dtmt-l—l)(c(lit mQ)?(t,:c,y)

d 0, ~—
— 2 —m2t met
A dt t+1)e T ( K(t,x,y))

_/ dt (m2t+1)K(t z,9)) / dt o ((m2t+1) ) e K (¢, 2, )

:W—K(O,x,y)—/o dt(ﬂfZ (2t+;r)) K(t,z,y).

We have to find another identity involving the heat kernel at ¢t = 0:

/0  dtem®t (% m )K(t z,9) = —K(0,,1). (5.78)

This follows from:
0 m2t d 2\ 7~ _ *° d m2t -
/0 dte (&+m>K(t,z,y)—/O dt&<e K(t,w,y))
= Jim "R (1.7,9) - K(0,,9).

The first term cancels because A; > m?2, see (5.26). Thus, we find that:
4 [ 7 * 2 2 d 174
m / dttK(t,z,y) = —/ dt(e™ —m*t —1) (dt +m )K(t,x,y). (5.79)
0 0
Finally, we can use (5.66)
SE(t) = —at (% + m2> / a5 56(z) trp K(t, o), (5.80)
to obtain:

m4/d2x\/§ 5¢(x) trp C(2,z) = m4/d2x\/§ do(x) /Ooo dtt K (t,z)

5.81)
o N (
= 5/0 % (em2t —m?t — 1)K (t).
The action becomes:
2 ~
§Sust = — i S 651, - 1cnndet n- 5/d2x\/§ trp Ge(2)
o gy K (5.82)
4 " (€™t — m?t — 1)6K (t).
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We can now integrate (5.82) to find the effective action:

etx m?
Sgrav = SL[ 99— 1 je: ﬂ - 5 (¥eldl = Yeld) (5.83)
4 it (€™t — m2t — 1) (K, (t) — K,(t)).

where we have defined the integrated regularized Green function ¥ ¢[g] generalizes
(3.114):

Ve lg] = / &x,/g trp Gy (2). (5.84)

Note that all functionals have well-defined m? — 0 limit, such that one correctly
gets the Liouville action.

5.3 Small mass expansion

In this section, we want to study the small expansion of (5.83). We will focus on the
first correction to the Liouville action. First, we note that the last term does not
contribute:

i/ooo % (em2t — m2t— 1) (Kg(t) - Kg(t)) — O(m4) (585)

as can be seen by expanding the exponential in powers of m2. Moreover, we can use
(3.112) N _
G(z,y) = GO(z,y) + O(m?) (5.86)

to use the massless Green function instead. As a consequence, the action (5.83) up
to O(m?) reads:

€l K m2
Sume = 15 5110081 = 5 In oot = 5 (VM) — ¥Pla) + O(m). | (580

At this order, the variaton of the effective action reads:

__1 ! m® [ o 5(0) ! 4
08t = D 08, — §5lndet/<;— T/d z+/96¢(z) trp (GC (z) + E) + O(m*®)

1 1 m? 9 ~(0) 4
= - 65, — > lndet s - T(s/ci 25 trp G (z) + O(m®).

(5.88

In order to compute the third term, we take the m? — 0 limit of (5.65) and add
the regularization term:

SWaclo) =2 [ P2y508(a) trp (G0 () + 5 ) + 0. (5.89)

Next, inserting the relation (A.57), we get:

/d2m\/_5¢>(ac trp G /d2 (5A + = A A(SK(ac)) trp G’éo)(m)
= ﬂ /d2m\/§ trp éé )(:C) + 1 /de\/g_]éK(m) trp A CN}'E.O) (x)
= % /d2w\/§ trp é’éo) () + %/d%\/ﬁ(ﬂ(’(x) trp A C:’éo) (x)
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where we have used Green’s second identity (A.16). [HE: Can we evaluate trp A CNJEO) (x)
by generalizing (35, sec. 3.2.5, app. A]7] < 15

A Formulas

A.1 Conventions

Greek indices refer to the curved frame and Latin indices (a,b, etc.) to the local
flat frame. Explicit indices are denoted by letters in the first case, u = (¢, ), and
numbers in the second case, a = 0,1. We follow the conventions of [19, 24] (they
have minor divergences).

A.1.1 Lorentzian coordinates

The coordinates are denoted as z* = (¢, ) in Lorentzian signature. The metric in
the local flat frame is
Nap = diag(—1,1) (A1)

such that
ds? = —dt? + dz? = —dzTdz ™, (A.2)

where the light-cone coordinates read [19, sec. 2.3]:
et =t+a. (A.3)
The metric g, is related to the local flat metric through the zweibeins:
G = eZef,nab. (A.4)

The Levi-Civita antisymmetric tensor is defined in the local frame as [19, p. 512]:

en=1,  %=-1. (A.5)
We have €,,,e"¥ = —2. In curved space, it corresponds to a density tensor rather
than to a tensor:
Euv 1= eZegsab, et == g" 9" e,y (A.6)
such that 1
etxz = v/ det g, e = — . A7
tx g qet g (A.7)

Note that it is possible to define a tensor (called € symbol as €, := v/det ge,,).

A.1.2 Euclidean coordinates

The Wick rotation from Lorentzian time ¢ to Euclidean time 7 reads:
t = —ir (A.8)

such that
ds? = dr? + dz? = dzdz, (A.9)
where the complex coordinates are defined as

z=T74+iz=iz", Z=T-iz=iz". (A.10)
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As a consequence, we have
8 - —15‘+, 5 - —18_.

‘We have: 1 1
VZP=VI4iV® VP =V!—-iV?
d?z := dtdz = %dzz, d?z := dzdz,

1
i(z) = 5 o(x).
The Levi-Civita antisymmetric tensor is defined in the local frame as:

€01 = 1, 801 =1
We have €,,,#” = 2. In complex coordinates, it reads:

i _
zZZ :
€xz = 2 e = =2i.

(A.11)

(A.12)

(A.13)

(A.14)

Note that v, takes the same value in both the local and curved frames. Indeed,
in the curved frame, it is given by €,,7*v” = <. since €, is a density and contains

V/9- As a consequence, it is Weyl invariant.

A.2 Geometry, covariant derivatives and Green functions

All formulas in this subsection and in the following ones are in d-dimensional

Lorentzian signature.
Green’s second identity states that:

[ dty5 (£ Vuh V" g) g 0, (b9 1)) =0

for any three functions f, g and h. This implies in particular:
/d2d\/§(ng—gAf) —0.
Curvature The Christoffel connection I‘ﬁ,, reads:

1
Ty i= 5.8 Outir + 0 — Orh)

‘We have the relations:

1 1
]‘-‘ZJ/ = ) gupaugup = 3 3u Ing,
g/LO'FZo_ + gvarga — 8pgltu,
guaFZp + g;wFZ,, = OpGuv;

IuoL'sp = guol'fy = Ougup — Ougup.

63

(A.15)

(A.16)

(A.17)

A.18a

A.18b
A.18c
A.18d
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This follows from:

1 1
guarzp + guargp = 5 517; (a/tng + apgm- - argup) + 5 6; (augpr + apgur - 87'gup)
1
=3 (0ugpv + OpGuv — OvGup £ OvGpu £ Opgup F Ouguyp)
1
=3 (1 F1)0ugvp + (1 £ 1)0pguw — (1 F 1)0ugp,)-
The spin connection is denoted by w,q and is related to I'y, as:
IV, = eh(Oues + w,%ed). (A.19)
This can be rewritten as:
w, % = ey (5T, — Ouey). (A.20)
The Riemann tensor and its contractions are defined as [24, sec. 7.10]:
R, =00, — 0,10, + T4, 1, —T0. T, (A.21a)
Ry =R,?,. (A.21b)
Note that R, s = Ryou and Ry, = Ry, only when there is no torsion. In that case,
one can also write:
Rf, o = 0pL, — Op1, + T, I, —T0. I, (A.22a)
R, = R”Mpl,. (A.22D)

The Einstein tensor is: 1
Gu =Ry — 3 Rguy. (A.23)

Covariant derivatives The covariant derivative V, always contain all the con-
nections appropriate for the object it acts on. It acts on a scalar f, spinor ¥ and
vectors A% and A*, and forms A, and A, as:

Vuf=0uf, (A.24a)
Vb = B+ g ™, (A.24b)
VA =0, A" +w, %A, (A.24c)
VA = 8,AY + T AP, (A.24d)
Viuda = 0,4, +w,, Ay, (A.24e)
VA, = 08,4, —T% A, (A.24f)

The Laplacian is defined as:
A :=g"V,V,. (A.25)

It satisfies:

A(ST) = SAT + TAS +2VS - VT, (A.26a)
A(f(T)) = f"(T)(VT)? + f'(T)AT, (A.26b)
A(e*T) = e (AT + aT(a (V$)? + Ag) +2a Ve - VT), (A.26¢)
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where f is a function (with the prile denoting the derivative with respect to the
argument), 7' and S are tensor fields, and ¢ a scalar field. This second relation
follows from:

A(f(T) = g*'Vu(Vuf(T)) = ¢ Vu(f(T)V.T) = f'(T)(VT)* + f(T)AT.
Combining the first and second equations give:

A(e*T) = e*® AT + TAe™® + 2Ve®® . VT
= e AT + ae® T(a(Ve)? + Ap) + 20e*V¢ - VT

We have the anti-commutators:

[V;M vl/]f = 0, (A27&)

[Vu, Vo]A? = R, P, A%, (A.27b)
1

[vlh VV]w = Z Ruuab7ab¢- (A.27C)

When V,, acts on an object with a vector index, we introduce a new covariant
derivative D, from which the Levi-Civita connection I',, for this vector has been

extracted:
D,:=V,-T,. (A.28)

In that case, the Laplacian can be written as:

A= =D, (VAg" V). (A.29)

Similarly, the divergence of a vector density reads:

Vu(Vgv*) = Dyu(vgvh). (A.30)
Given an operator Dy, the Green function G(z,y) is defined as
5(z —y)
D,G(z,y) = ——= — zero-modes A3l
(z,9) 7 (A.31)

A.3 Scalar field

Useful references are [49, 50, app. A, 51].
The scalar conformal Laplacian reads:

d—2

The geodesic distance can be used to extract the singularity of the scalar Green
function [35, p. 15]:

1
G(z,y) = Greg(z,y) — o In¢(z,y)?, Ay Greg(z,y) = 0. (A.33)
This relation is still true if one removes a finite number of modes from the Green

functions, and hence the singularity is related to the large number behavior of modes
and eigenvalues.
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A.4 Fermion field

‘We have the relation:

Y Ruvpoy” = —R. (A.34)
The covariant derivative reads:
1 ab
V= {0+ 1 WuabY" | - (A.35)

The covariant derivative of gamma matrices vanishes:

1
0=Vuy" =07 + T + ; Wuarlr*,7"] (A.36)

The square of the curved Dirac operator Y is

Vi =A-

|

(A.37)

since
Vi = A" Vu Vi tp = (¢ +4") VY 9
1
=A Y+ ’ij[vua Vy]lﬁ =A Y+ Z ’YMVR,uupO")’pa'(pba

and using (A.34).
Note that one has:

B = 10u(10,) = 47" 8,8y + 7(87")0,
v v 1 v
=¥ 0,0, — v*+°T'},,00 — 2 ey O
14 1 v
=g" (0, +T)0, — 3 V" Oy

The third equality follows from (A.36), the fourth from the index symmetry of the
partial derivatives and Christoffel connection which leads to the symmetrization of
the gamma matrices.

We want to express A more explicitly:

A = g"9,0, + a*d, + b,
1
at == —g"Th,  + 2 wh s, (A.38)
1 1 1
b= G g wuwy, + 1 Mwyys — 1 9T Wy,

which follows from:

1

. 1 1 . 1
= gI’L (ap + Z wu’)/*) (81/ + Z wU’Y*) 1/} - g“ Fpp,u <8p + Z wp7*) ’Ib
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Another way to write the Laplacian is to write it as a combination of the identity
and v,:

~ < w? 1 1 1
A=A012+A*'y*, A()::Ao—l-—, A*:z—w-8+—(8-w)—zg F,jpwu,

16 2 4
(A.39)
where Ag = g*” V,, 0, is the Laplacian scalar.
A quadratic functional integral (in Euclidean signature) for a Dirac fermion
leads to:

/ dydd e PMY) = det M, (A.40)

while for a Majorana fermion it leads to
/ dep e 3MY) — \/der M. (A.41)
The effective actions are defined by

1
Wp = —detln M, Wy = —3 detIn M. (A.42)

Two dimensions All formulas in this subsection are in Lorentzian space. To
obtain the formulas in Euclidean space, it is sufficient to rescale vy, — —ivx.
The covariant derivative (A.35) becomes:

1
V= ((‘L + 1 w,ﬁ*) P, Wy = wuabeab, (A.43)

using the relation (A.44).
We have the following relation:

Y = eV, (A.44)

Equation (A.36) is equivalent to:

4 14 14 1 v
0=Vuv" =0, +T,,7" + 1w (A.45)
We have:
g
o) = Y g, (A.46)
since

0,(V3") = (O + T (V3r*) = Y2 ey = Y sy,

where where the first equality follows from (A.30) and the second from (A.36).
This implies:

v—d+ ﬁ 8, (v/37") (A.47)

following from
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A.5 Conformal variations

We provide formulas for a Weyl transformation of the metric:

_ 20 A a __ AQ
ng/ =€ ¢g[lJ/) e/_{, - e¢6“.

(A.48)

For references, see for instance [52, app. D, 53, app. G, 16, app. A, 11, sec. 4, 48,

sec. 5.3, app. A].

Gamma matrices and geometry tensors transform as [52, app. D, 11, sec. 4, 16,

app. A] (see also [53, app. G|):

\/5 = quﬁ\/T’
7= e Pk,
T, =T0,7°+00,¢+ 60— G 09,
Wyad = ‘:);mb + éuaéz Oy — éubéyau¢a
=R,y +0Y,u050 — Guo V0 — 65NV ,050 + Guo Vo, 0P
65 0y 9050 — 07 8;,,(]585(;5 + Gvo ,u¢ap¢ - g;w 0,90 ¢
+ 55.@”0 (8¢)2 - 5z§ua(a¢)2-
R,ut/ = R,ut/ + (d - 2) (au¢61/¢ - guu(a¢)2 - ﬁ,uau(ﬁ) - guuA¢7
R=e(R—(d-1)(d—2)(0¢)* - 2(d - 1)A¢),
d 3

;/,

A

G =G + (d—2) [ 0D + ——— G, (00)2 — V,.000 + 9WA¢] :

The gamma matrix transformation follows from:
V=l = e eyt = e

For the affine connection, we get:

1
FZV = 5 PO (6ugl/0' + 8,/9#(7 - ag—g/u/)
1
Fp +-e 2¢gpa (guaa,u.e 2¢ + g/,waue 26— g 1/803245)

2
=10, + 60,0 + 600, — G 0.

Then, (A.19) can be used to find the transformation of the spin connection:

w," = ep (gL, — Ouey)
— e-%g (eea(l, + 62 0t + 8 8y6 — G 0°9) — Bu(e?e) )
W+ € (85050 + €], 0ud — €3G, 07 ) — €3,.850)
=@, + €58} 0y — Eyneatl el e 0y
=©,% + €, Opp — €pu™ 0.
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For the curvature, we have:

R,fs =R, s+ 0u(600,0 + 600, — Gy 0°¢) — Oy (05 0up + 65 0s) — Guw 0°9)

+ 10 (6700 + 67 056 — Guo 07 @) + L7, (62 0 + 62 876 — Gur 0°0)
+ (07 0y + 87 009 — G 07 9) (62 Bup + 60, 8- — Gur 0°9)
— T (0704 + 0,050 — Guo 07 @) — 17, (28 + 6L 07 — Gur 0°9)
— (57 8 + 67, 050 — Guo 0" ¢) (62 0up + 6L 0r ) — Gur 0°9)

=R,,P, +0.0:0:% + 0L 8,050 — Gvo 0,0 ¢ — 60.8:0,% — 60, 8,050 + uo 0,0°P
+ (0vGuo — Oudvo)0°9
+ 10000 + 10,076 — Guol0, 076 + 105050 + 6017, 00 — Gr LT, 09
— 10830 — L0056 + Guol e, 0" — L5056 — 6017, 0, + Gur L, 070
+ 60.8,00,8 + 608,056 — 4us OO + 85,.0,605% + 8, 0,605 ¢
— 600u0 (00)? — G0 Br$O’ P — §. 0PG5 + Gy OO
— 80.0,60,0 — 008,605 + §us By $O°G — 05.0,60,6 — 60 0,050
+ 0500 (00)? + Guo 0u¢0° ¢ + 5, 026056 — Guo 0,00 ¢

=R, s + 80,050 — Gus 0,0°) — 0, 0,05 + Guo 0,09

+ 60 8,$05¢ — 60 0,005 ¢ + Gvo 040 D — fuo 0, $0°$

+ 880 (09)® — 60900 (09)* + (GuoLlr — Guol%,)07¢ + (8517, — 6017,,)0r ¢
+ (0vfo + Tiobur — Ouduo — 1750r) 07

=R, +085Vu050 — Guo Vu0d — 60,060 + Guo V,0°¢
+ 60 8,$05¢ — 60 0,$0d + Juo 040 b — Gus 0,$0°P
+ 6000 (06)* — 60.9u0(06)°.

The last line at the penultimate step vanishes because:
9Ly — 9ur LTy = Oulvo — Oy
Contracting p and u, we get:
Rys = Ruo + (2= d)Vu0o — uo Ag + (d — 2) 8,056 + uo(09)” + (1 — d)duo (99)*.

Finally, we compute the Einstein tensor transformation:

1
Guy = R’w, — 5 gl“’R

= Ry + (4= 2)(9,00,6 — §(09) = Vudo$) — B
- 3 0w(B= (@-D@- 209 - 2(d - DAg)
= G+ (4= 2)(0u0006 — V,u0s8) — (d — 2)9u(09)* — A
+ 893,00 + (4 - Do

A N d—
Gu + (d—2)(0,90,¢ — Vﬂayqb) + (d—2)guAd+ ( 5 3)

(d — 2)3,(99).
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Covariant derivatives of fields transform as [11, sec. 4]:
Vu f= ﬁuf,
VAP =V, AP + 55 A8, + APD,$ — A,0°,
V,u A, = ﬁ,u,Au - A,uau¢ - Aua,ugb + g;w Apapd)a

1

V=V + 3 A (07 9) b,
vo=e (V451 69) v

— o y}(edT

¢¢)

The transformations for the Laplacians are [11, sec. 4]:

Af=e2 [Ac+¥(46¢~6+(d—2) (a¢)2+2A¢)] f
_wA ( ﬂf)
_ 2 " v 5 _d=1 .9
Ap=e [ +(d—2)(0"6)¥, + 4 (8,0)¥, ——(a¢>]¢
— o A+ (A~ 1097, - ), ——(a¢>]
Yoy = e [92+ (0= D@99, - @97 + T g2+

For a vector field,

Af =e 2 (A +(d-2) ama#) f,

we have:

VAP = 9,47 T, PA”

= 9,47 + (1,0 + 80,0,6 + 6 0 — G 0°9) A",

4

= V4P + 60 A0, ¢ + AP8,6 — A0,

and similarly for a 1-form:

VuA, = 0,4, — T, A,
= 8,4 + (1,0 — 80,8, — 00,8 + 5,0 0°0) A,

=V, Ay — ALBy¢ — A8ud + G Ap0°P.

For a spinor field, we

Vo

have:

1
= au¢ + 1 wuab')’ab"p

1. A A
=0 + i (Dpab + Euay 0y —

" ¢)y.

. 1.
= V,{(ﬁ—i— 5'7;“/(
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A.50a
A.50b
A.50c
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~—~
~—  ~— ~— ~—

A.50d

~—~

(A.50e)

(A.51a)
(A.51Db)
(A.51c)

A¢]¢
(A.51d)



Contracting with v#, we get [11, sec. 4, 37, sec. 1.4]:
1 al
W'ﬁb = B;ﬂﬁ + 1 Wyab”Y b¢
1, A A Av
= u'@b + 1 (wuab + €ua€p Ovp — eubeaau¢)’7ab¢
_¢ 5 e_¢ ALLA Y4
=e 'V + 5 A (0" 99
~(P)y
d+1¢v( _¢¢)

=€

where we used:
VY =1V = M) = (d = 1)
The scalar Laplacian transforms as:
Af=g""V,0,f
= e 2 g (V .0y f — 0 $Ouf — 8,90, f + G 0790, f)
= e 2(Af + (d—2) 8¢ - df).

The transformation of the conformal Laplacian follows immediately:

Acf = Af - g RS
— e [A4(@-206-0- 775 (R (@ Dd- 208 - 2~ 1) 1
:e—w[Ac + 8 24000+ -2 )+2A¢)]f

using (A.26).
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This fermion Laplacian transforms as:
8 = 9, (Vo + 53,0 6)0
=9 (Vu Vot 5 (VP90 + 5 90n(079) Vi)
= (9 = Ou)9,8 = @)+ s (PO + 3 30(0°0) V.0
+ 5 ue (T2 + 80,6079 + 0,695 — 0,805 )
+390(08) (V0 + 5 (@010 ) |

— 67 Ag o+ (4= D@6)V,0 + 3 1 (0,000

+ 5 (39506 — s 0) )
+ 33 (08) V0 + 075 (09 D))

— o2 [M +(d—2)(8"0)V ) + 47 (8,0) V 1)
- 411 ((d - 2)v°y° + n”")(f)"qﬁ)(a%)w]
= 2 [Ag+ (4= D@ )T + 4O, — 172 09 — 097
—e 29 [A¢ + (d — 2)(8*P)V utp + A" (8 )V uip — % (8¢)2¢] :
We have used:

YW = —=Vou " = — (VoY — Mup) Y™
= —(d = DY + up(¥*" — n*7)
=—(d=1)7"" +77" =6
=—(d-2)7" —9;,

and (P¢)? = (0¢)2.
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We can then consider the square of the Dirac operator:

Vo= (a-7)

— o2 [&p +(d=1)(0"$) YVt — (BY)V 00 - C%l <3¢>2¢]
e"2¢

— 2 (R—(d-1)(d—2)(0¢) - 2(d - )Ag)y

= e (1)) - @@w - 0o
$U=DE=D) gy 41 (A¢)¢]
o W2y 4 26 [(d —1)(0"9) ¥ — («%)W

+ A=) gy 1 121 Aoy,

A.6 Geometrical functionals

The metric g,,, background metric §,, and Liouville mode (conformal factor) ¢ are
related as:

Guw = €G- (A.52)
The Kahler potential K is related to the Liouville field as [54, sec. 2.1]:

K(z) := —% /dzw\/ﬁé’(w,y) = —% /d2w\/§é(w,y)e2¢(y). (A.53)

It can also be defined as the unique solution to the equation [35]

o2 — 4 (1 44 AK) (A.54)
A 2
with the condition
/ d’z/§ K(x) = 0. (A.55)

The necessity of the first term in the RHS of (A.54) can be seen by integrating
over the surface. [HE: Maybe we can replace the bosonic G(z,y) by the fermionic

trG(z,y).| «< 16
We have the relation [54, sec. 3]:
~ 4 A
/de\/EKAK =12 /de\/g/dQ:c'\/ﬁG(w,x'). (A.56)
[HE: Prove it.] <= 17
The variation of the Liouville mode can be written as:
JA A e2? 14
0 = 24 +7 AJK, ) <7> =—3 AK. (A.57)
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The variations of the Liouville, Mabuchi and Aubin—Yau functionals read:

551 = 2mx 5;14 _4 / &z./5 A ROK, (A.584)
5Sn = @ 4 / 2z f&K( 42"), (A.58b)
5Say = 4 / &2, /G 6K. (A.58¢)
Let’s guess another normalization for K:
e? = Nio trp P(z) + éAK. (A.59)

Multiplying the RHS by +/§ and integrating over x gives A as necessary. Then we
have:

20 = 6A (i trp P(x) + E AK) + Ni trp 6P(z) + gﬁ&K

0A A A 4
202 4
T tiP@) 4 AsK
such that: 6A A A
06 =1t onr e e 2 trp 6P (x) + 5 AGK. (A.60)

[HE: This does not seem very useful.]

A.7 Heat kernel regularization

Given a matrix M and an elliptic differential operator D with eigenvalues A\, > 0
and eigenfunctions v, the zeta function is defined by:

Com(s) i=t'(MD™*) ==} | = <wn| M [¢pn) - (A.61)
n>0
The zero-modes are denoted by 1o, (¢ =1,...,k) and corresponds to the eigenvalue

Ao. When M = 1, the index is omitted. When there is no confusion, D is also
omitted. For references, see for example [11].
The determinant of D is then defined by

det D = exp (— ¢p(0)). (A.62)

The interest of this formula is that it always yield a finite result.
Similarly, one can define a bi-local zeta function

¢p, Mm(8,2,9) Z Tbn(m ¢n(y)T (A.63)

n>0

The zeta function is then given by the trace:

¢p,m(s) = / d*z+/g(p,m(s,z, ). (A.64)
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One can rewrite the zeta function thanks to a Mellin transform

1 (o/¢]
Coar(s) = s 3 / dt£5~Le= et (g | M i) (A.65a)
F(S) n>0 0
1 / Tt (Me™tD) (A.65b)
I'(s) Jo
-1 / Tt [tr (Me™*P) — tr (MP)}. (A.65¢)
I'(s) Jo
The convergence of the series is given by Weyl’s asymptotic law:
n \2/d

Hence, the the series converges for s > 2/d and can be analytically extended: the
function then has simple poles at s = d/2,d/2 — 1,...,1, and in particular it is
analytic at s = 0 (for odd dimensions it has also zeros at s € —N).

The heat kernel is defined by:

Kp(t,z,y) :=e""P(z,y) (A.67)

where t is called the time. This kernel satisfies the diffusion equation

(% + D) Kp(t,z,y) =0 (A.68)

with the boundary condition

. (z —y)

The mode expansion is

Kp(t,z,y) =Y e (z)ihn(y)". (A.70)

n>0

The integrated heat kernel reads

Kp(t) = / PogKp(t,z,y) =3 e, (A.71)

n>0

Moreover, the integration over the time yields the Green function

G(z,y) = /Ooo dt Kp(t, z,y). (A.72)

The short-distance singularity is logarithmic in two dimensions. The heat kernel is
related to the zeta function by

Kp(t,z,y) = /0 T ate ot z,y),  Kp(t) = /0 Tattip@).  (AT3)

This kernel has a small time expansion

1 —£(T Y n
Kp(t,2.y) = cpsqme " (Zoan(w,y)t +0(tN+1>) (A.74)
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where ¢(z,y) is the geodesic distance between x and y. If the operator D is diagonal
in position then one can evaluate the previous series at £ =y

N
(1) = Gt (S on(o) " + 067 (A9

This implies in particular that

1 1
CD(OwTay) - Eal(l‘,y), RGSCD(]-,.T,y) - EQO(:I:7?J)‘ (A76)
Note that we have

ap(z) = 1. (A.77)
In order to find the first coefficient a;(x) for a spinor, one can use the following

argument [11, pp. 1473-74]: from dimensional analysis, the coefficient is
ai(-Y?)=kR (A.78)

where k is a constant and R is the curvature. First, one can use that

R
a(=Y") = ~a1(Ayp0) + (A.79)
and then the fact that in two dimensions the spinor Laplacian Ay, is locally related

to the scalar Laplacian Ag by a similarity transformation

a1(A12) = a1(Ao) + }g (A.80)
This implies that
a1 (-Y?%) = —1—12. (A.81)
We can introduce a one-parameter operator [11]:
DY = Voo eTfTD(()O)eTf, (A.82)

\/g_r

where f(z) is a matrix-valued function and g, is the corresponding metric. Two
standard cases are:

o chiral transformation: f = ., g, = go;
o Weyl transformation: f = ¢/2, g, = €*"®gq, see (A.50e).

Note that such relations cannot be written in the massive case. It is obvious that if
1o,; are zero-modes of D£°), then

Vir=e T (A.83)

are zero-modes of DS’), and as consequence their number is independent of 7 (note
that we use the subscript zero to indicate two things at the same time: that it is a
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zero-mode, and that it is for 7 = 0). The zero-modes obtained in this way are not
orthonormal and we define

Rrij = <(¢i,T)T|¢j,T> = /de\/g_T’wi,T(w)ij,T(m)

T (A.84)
= [ @av/g vio(@) o).
Note that the derivative is
d
wotirii == [ PG @) Fr @i (@) (A.85)
where 1d
Fr(z) = —5 —Ing- + f(z) + f()". (A.86)

2 dr

The inverse of this matrix will be denoted with upper indices ﬁ? The projection
can then be written as

Nop
Pr(z,y) = Y vir(@)s9;. (). (A.87)
ij=1
One finds the relation
% Indet K, 45 = — /d2w\/g_TFT(x)PT(:c). (A.88)

For D = D defined as (A.82) one has (we removed the index 7 to have cleaner
expressions)

d
3,500 (8) = =25 Cpor2, p(s) (A.89)

where F' was defined in (A.86). Then this implies that

d ! 1
L indet DO = o (0) = [ Pay/5F(a) [W%ﬂ(m’”m) ~ P(z)] -

(A.90)
Combining this with (A.88)
d . det' DO 1 )
—In—— =— (0)2
dr " detr 47r/d /g F(z)aq/z(x, D). (A.91)

[HE: in [11, app. B] another regularization for the Green function is given.]

A.8 Comments

In isothermal coordinates g, = €2#(2)|dz|?, the geodesic distance satisfies [54, sec. 2]:

ly(2,7') =In|z — 2| + O(1). (A.92)
We have:
l(z,z) = 1. (A.93)
[48, sec. 5]
— 1 __ao(z,y)
Ge(z) == ;131?1! G(z,y) 20(z, y)2 ) (A.99)

(4
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[48, sec. 5]

ao(z,y)\ _ ao(%,y)
s ( z(x,y)2> = —(680(z) + 80W)) Gy 53 + A5 +0(0).  (A9)
This implies

5Gc(z) = ~266 Ge — 15— A, (A.96)

For a discussion of spin structure and global aspects for fermions, see [47,
sec. 5.6.4].

Given the scalar Green function, G(z,y), the Robin mass m(z) is defined as the
“constant” term in the expansion of the Green function for £(z,y) — 0 [41, 42, 44,
45]:

Glz,y) = % In£(z, y)? + m(z) + O(£(z, v)?). (A.97)
It’s integral over the surface is a spectral invariant:
M= / &z, /Gm(z). (A.98)
The Robin mass changes as [44]:
miz) = (o) + 52 - 2 (@)@) - [Py @) (A9

Note that the regularized Green function at coincident point precisely equal the
Robin mass. It is related to the regularized {-function up to a constant [41, 42, 44,
45].

In [45, thm. 4, p. 160], there is a general formula for the variation of {(1) associated
to an operator D with Ny zero-modes:

~ =~ oo 2 ~ N ~ _

Crg(1)—Cr5(1) :/0 dt (e**—1) trKg(t)+A—Sz/d2x\/§¢e2¢—70 /d2m\/§(e2¢—1)D le2¢_1,
(A.100)

where K (t) is the heat kernel for the operator D.

B Fermions

References on Dirac matrices are [19, app. 7.5, 8.5, 24, chap. 2, 3, 55] (see also [15,
16, 33, 56, 57]). In this appendix, we consider the groups SO(p,q) with metric
n = diag(—14,1p) such that d=p+ ¢ =2.

B.1 Gamma matrices

The Dirac matrices y* satisfy a Clifford algebra associated to the group SO(p, q):
{77} =2n"". (B.1)

Matrices squaring to +1 (—1) are called spacelike (timelike): the latter can be
obtained by multiplying with i the corresponding spacelike matrices from the case

SO(p + q).
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The only non-trivial antisymmetric product of Dirac matrices is:

1
A = 3 [v*,4"]. (B.2)

It is traceless. Its commutator with v* is:
(Y7 7P] = 0Py — Py (B.3)

All together the 4 matrices {1,v*,y**} generate a finite group. Every represen-
tation of a finite group can be made unitary through a similarity transformation.
It follows from the Clifford algebra that all matrices squaring to +1 (resp. —1) are
Hermitian (resp. anti-Hermitian). We define the matrix 4 such that

()t =t (=1)7 494471 (B.4)

‘We deduce that:
()T = =447 (B.5)

The matrix satisfies the following properties:

¥l =4t = (-T2, (B-6)

Lorentz group The matrix v*¥ correspond to the generators

MK = 5 . (B.7)

of the SO(p, q) group
(M9, M) = o (MY — MM — M) (BS)
where a is some normalization (¢ = —i in [19], & = 1 in [24]). According to (B.3),

~* transforms appropriately as a vector.

Chirality matrix In even dimensions, one can also define a chirality matrix ,:

Yo i= i Tyom = 0?1209, (B.9)
where 7, = £1 is a normalization sign. For example, in [24, chap. 3], 7, = (=1)%2 =
—1. It has the following properties:

=1 (W=7  {m}=0 (B.10)

The factor is chosen such that it squares to 1 (the other properties follow from the
definition of the gamma matrices).
We have:
AW = —n*qu e s (B.11)
using e, = (—1)92.
The projectors on left (plus) and right (minus) chiralities are defined by:

Py = %(1 L), (B.12)
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Equivalent representations Two representations v and 4# of the Clifford
algebra (i.e. an explicit matrix representation for the gamma matrices) are said to
be equivalent if there is an intertwiner matrix U such that

y# = UNHU (B.13)

In order to preserve the unitarity of the representation (along with the Hermiticity
condition), U must be unitary. It is straightforward to check that —y#, £(v*)! and
+(y*)* also satisfy the Clifford algebra (B.1) and the question is whether those are
equivalent to v*. First, the representations —y* and «* are equivalent only in even
dimensions

—* = yH v (B.14)

owing to the existence of the chirality matrix.

Charge conjugation matrix The charge conjugation matrices C'y are defined as
the interwiners for the transpose matrices

() = —nCp*C, Y, =1 (B.15)
Taking a second time the transpose leads to the condition
C'=—-eC, e==l. (B.16a)
As expected, the matrix C is unitary:
ct=c L. (B.16b)
One finds also
C*=—eC™L. (B.16c)

Note that in general C? # 1 but it is possible to find a representation where this is
true.
One can see that

(1) = —C Gyt (B.17)

which implies
C_y = Cys. (B.18)

We also have
A =niCaICt = (1)1t 2 gpac . (B.19)
More generally one has that each combination C["! is symmetric or antisymmetric
(CHIM)E = —t, CHl", (B.20)

where the signs are:

to =€, t1 = —en, to = —tp. (B.21)

In particular for r = 2 one finds
(CHH)E = tg CyH

Due to the fact that tgt; = %1, in even dimensions one possibility is when ¢y and
t1 have the same sign, another one is when they are opposite. The possible signs are:

to=—-1, t1=-1 =-1 =-1
G A (B.22)
t0=1, t1=—1, 6=1, ’I7=]..
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Reality matrix Similarly, we define the matrices B¢ to be the interwiner for the
conjugate matrices
()" =: ( By*B;',  (=+L (B.23)

Taking the transpose and requiring equality with (B.4) give the conditions:
(=—(-1%n, B{=£CH" (B.24)

The number £ is a normalization such that |£| = 1 (this condition is necessary for
having a unitary B) that is not determined: generic choices are £ =1 [19, 55] and
& =1 [24]. Then, one can take the transpose of the above relation to find

B = —ten? Gy (B.25)

This also shows that B is unitary since C' and 4 are unitary. The expressions for 4*
and (y«)* can be deduced by using their Hermiticity properties:

A% = (—1)2atD/24¢ (7)* = L. (B.26)

Finally, we find that
B(B} = —(—1)71@tD/2 ene, (B.27)

Note that if the basis is changed according to (B.13) then

c'=v"Ycu', B =vuYBUu . (B.28)

B.2 Spinors

In this section the indices on the B and C matrices are removed if not necessary.
Co-spinor A Dirac spinor U is a (often reducible) 4-dimensional complex repre-
sentation of the Clifford algebra which transforms as a vector under SO(p, q)

1 1
vVeC? U= —5g W MM = =2 W, (B.29)

the M being the generators (B.7) of the Clifford algebra and w,, the parameters
of the transformation. The components of the spinor are denoted by ¥,. Note that
the components of different spinors anticommute. Moreover, one should decide if
taking the complex conjugation of a product reverses the order or not

(TaXp)* = £X; V5, (B.30)

the sign + is chosen in [24].
Complex conjugation doesn’t act naturally on spinors. For this reason, it is
convenient to introduce the charge conjugation

v := B~ ly* (B.31)
which also acts on matrices by

M¢:= B"'M*B. (B.32)
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In particular, ¥¢ transforms in the same way as ¥

oUe = —}1 WY UE. (B.33)

Of particular importance are the relations

(") = —n(=1)"*, A= (-1)"""n,. (B.34)

An important relation satisfied for two spinors ¥; and ¥, is the so-called Majorana
flip relation N N
Uyyht e gfn Ty = —(=1)"n"e Woyhn .. . M1y, (B.35)

By introducing co-spinors, it becomes possible to construct bilinears which results
from the contraction of a co-spinor and a spinor, with possible insertions of gamma,
matrices. These bilinears will transform as (pseudo)tensors of the group SO(p, q).

The simplest co-spinor can be obtained using the Hermitian conjugation: the
Dirac conjugate ¥ of a fermion ¥ is defined by

=1

=iy, (B.36)

The Dirac conjugate transforms as

1 _
0 = 7w Ty (B.37)

This implies that U, ¥, transforms as a scalar
§(T10,) = 0. (B.38)
This leads to the definition of the Majorana conjugate as

T = UiC. (B.39)
One can note that it is proportional to the charge conjugate of the Dirac conjugate
U° = —Len?(—1)10tD2 90 = —gen?(—1)2at /2§, (B.40)

One can check that it transforms in the same way as ¥
o0 = }1{177#”. (B.41)

Next one can look for irreducible representations: one can apply different projec-
tions on the spinors using the chirality and charge conjugation matrix. In table 1 we
summarize the different irreducible representations discussed below.

Chiral components and Weyl (or chiral) spinors We define

PA . CABg, — (i"‘) _ (B.42)

where C4B are the components of C*. Components are lowered with C~! of compo-
nents Cyp:
U, = UBCp,. (B.43)
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1o (Euclidean) || 1 (Minkowskian) 2

type 4 type i type | #
2 M_ 2 MW 1 M, | 2

Table 1: Irreducible representations of the SO(p, q) Clifford algebra. M stands for
Majorana, MW for Majorana—Weyl. A sign indicates if only one of the charge
conjugation matrix Cy is allowed.

The left-handed (positive chirality) ¥ and right-handed (negative chirality) ¥_
parts of a spinor ¥ are defined by
U, :=P.VU. (B.44)
The chiral parts satisfy
YUy =0y, P VU, =0. (B.45)
A Dirac spinor can be written as the sum of its positive and negative helicities
V=V, +9¥-=P, U+ PV (B.46)

The Weyl representation is a basis where

U, = (1/:;) ,  U_= (¢0_> : (B.47)

which implies that «, is diagonal with

e = ((1) _°1> . (B.48)

The chiral components of the Dirac conjugate are obtained by
U, =UP.. (B.49)
Similarly, the chiral components of the Majorana conjugate are
¢ =VP. (B.50)

A Weyl spinor is a Dirac spinor which is restricted to one of the two chiralities
and has two time less components:

U=0y, =0 (B.51)

Note that chirality is preserved by Lorentz transformations since [, v**] = 0.

Majorana spinor A Majorana spinor v is a spinor with a reality condition which
reduces the number of components by half:

U* = o BY, (B.52)

83



where « is a constant of proportionality. This is equivalent to say that the Dirac and
Majorana conjugates are proportional

U =010, (B.53)

The Majorana condition is consistent only if it is an involution, then iterating
the previous equation leads to the condition

la|? BB* = 1. (B.54)
Using (B.27) this gives the two conditions
la| =1, _(_1)‘1(114‘1)/2 en?=1, (B.55)

the first one following because the modulus of the second part is already 1, so the
factor can only be a phase. As a result one finds that the Majorana condition is
possible in the following case

p-q=0 (B.56)
pP—q¢=2 mod8 -—n=1.

The Majorana representation is the one where the components of ¥ are real
T =0, C=—eat lni(-1)1a+D/25, (B.57)

The Dirac matrices are then either real or purely imaginary depending on which
C4 is used. For example in Euclidean signature C_ (resp. C) leads to real (resp.
imaginary) matrices, whereas in Lorentzian signature C (resp. C_) leads to real
(resp. imaginary) matrices.

Majorana—Weyl spinor One can also try to impose both the Majorana and Weyl
conditions. This is possible only if the chirality matrix is preserved by the charge
conjugation, which leads to the condition

qg=1, (B.58)
using (B.34).
B.2.1 Kinetic and mass terms
In this subsection, we consider Lagrangians.
Dirac terms The Dirac kinetic term is:
Kp =it upw, (B.59)
and it is Hermitian up to total derivative terms:
K} =Kp. (B.60)
The Dirac mass terms is built from two pieces

Mp = i@/ 2m G 4 §2@+3)/ 2/ Gy, 0, (B.61)
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The mass term is Hermitian:
M}, = Mp. (B.62)

Let’s consider a Weyl spinor of positive chirality v.¥ = ¥, then one finds that
Kp=0, g=0 mod 2 (B.63)

e TPV = —(—1)7 TPT.

Hence, one can have Weyl fermions only by introducing several of them and having
crossed kinetic terms. Similarly, the mass term satisfies

Mp=0, gq=1 (B.64)

from B ~
Uy = (—-1)700.
Note that the kinetic and mass terms are trivial for Majorana fermions if there
components are not anticommuting.

Majorana terms The Majorana kinetic term is (the integral is implicit)
Ky =171 090, (B.65)

This kinetic term has no specific reality property (except obviously for a Majorana
fermion). Similarly the mass term is

My = m U0 + m’ U, 0. (B.66)
Let’s consider a Weyl spinor of positive chirality v.¥ = ¥, then one finds that
Ky #0. (B.67)

Hence, in the cases where the Dirac kinetic vanishes one can use a Majorana kinetic
term instead. Similarly, the mass term satisfies

My =0 (B.68)

from _ _
VU = —UPHU.

B.3 Summary

The matrices 4, v«, B and C are defined by the relations:

e = 0y 1071 4041, N = 1, (B.69a)
B =—€en?Cyy,  £€U(1), (B.69b)
= =ty (B.69c)

(YT = (1?4947, (B.69d)

() = —nCy*Cy Y, n=£1, (B.6%)
(W) = ¢Bey"B', (=41, (B.69f)
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The relations between the different signs are:
to = ¢, 1= —en, to = —to, ¢=—(-1)M. (B.70a)

The possible signs are:

to=—1, t =—1 =1, n=-1
0 ) 1 ) — € y N ) (B71)
t0=1, t1=—1, 6=1, 7]=1.

We consider only ¢; = —1 to allow for (pseudo-) Majorana spinors [24, p. 56].
Different relations are:

Y=1 {17"}=0, @@=y  (W'=-CmC',  (B72)
57 =41 = (-1)elatD2 4, (B.72b)

At = (=1)ala+D)/2y 10, Cn_ : A% = (=1)9@tD)/245¢ (B.72¢)

A = 0T ey, (B.72d)

() = A4, (B.72e)

BB} = —(—1)1@tD/2 e, (B.72f)

Cn = Cyrns (B.72g)

ct=c!, C'=-eC!, Cl=—-€C, e==1, (B.72h)
Ct=—t,C, (Cy")t=—t;C,  (Cy™)t =ty Cy™, (B.72i)
(CH)!=CF,  (Cy)f =to O (B.72j)

The definitions v, and 4 in terms of v* matrices are representation-independent:
this is not the case of B and C. This explains why we don’t use A for 4.

C Temporary computations

C.1 Conformal variation of projector

Pg,my

- / 422\/G 66, PoyPsy. (C.2)

e I (C.1)

/dzz\/_ . gzy_e 2(¢z+¢y)/d2z ge¢zAgmzAg,zy
—e 2(¢w+¢y)A

Ag,my = /dzz §e¢zAg,zzAg,zy (C3)

¢
Ppay=e? /dzz Gen% Pyae 2@t A,

:/dzz 9% PyazAgzy

86



=/d2z §e¢z/d2w\/§e¢ng,mzAg,zwAg,wy

The variation of the projector (3.82) reads:

1
6Pry = =5 (085 +68,) Poy — [ d22/566. PrzPoy. (C4)

Let’s make the following ansatz:

Py = / 2z\/fe-ads—cady-asb:p. p (C.5)

/dzw\/gpg,wwpg,wy

=/d2w g62¢w/d2z\/§/d2zl\/§e—alq,')z—azd)w—a3¢ze—a2¢y—a1¢w—a3¢z/
X Py,u2Lg,20 Powa Pg,ary
_ o—01ba—asdy / 42215 / A2/ /G e—0stsast.s / A2/ o201 —a2)eu
X B2z Py,ew Powa Py aty
The integrated form of (3.82) is:

z ¢
Pg,zy = /dzz ge_%Pg,xz e_¢ng,zy e_Ty- (CG)

The infinitesimal form is recovered after using (3.84) for P;. Let’s prove that Pg2 =P,
if P; = P, see (3.84):

/d2w\/§Pg,wag,wy

bz _ dw dw
=/d2w §e2¢w/d2z\/§/d2z' Qe_T_T_"Sng,mPg,zw e_T_T_‘i’z’Pg,wz/Pg,z/y
bo_ ¢
— e ¥ [duvier [davhet [ Ve PraiPyow Prww Pron
C.2 Scalar effective action

In [40, p. 11] and [35, sec. 3.2.5], they proceed by computing 6G¢ in terms of 0K.
For the scalar case, one finds the relation:

Gyl@9) ~ Go(a,y) = 3 (K(@) + K(y) — Savlg, il )

This relation can be proved by check that G, satisfies the Green equation if G4 does,
and that it is correctly orthogonal to the zero-mode projector. This can also be
obtained from the infinitesimal form:

5G(z,y) = %(51{@) + 6K () — / &2 /G 0K, (C.8)
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which can be obtained by simplifying (4.32). This gives:

Cocl) ~ Coclw) = %2 + K(a) — Sxlo, . (©9)

Then, they obtain the difference for the integrated Green function with an additional
factor of 1/A:

Vol Velo] _

1 [ 2eva[2 se2s — AR AG,
e ; SW/d w\/E[AqSe o KAK — ar K AG, o(z)|. (C.10)

The Laplacian of the Green function was found to be:

R 2

Q‘

Ge

AGge= =3 +(2-x) Pt (C.11)
where g, is the canonical metric. This finally gives:
Pelgl Velg] 1 R ( x) ( R / 2 )
1 1 = gpomledl+(1-5) (Saxle,d) - [ dPaveK(z) ). (C.12)

C.3 Trace of Green function

[HE: Equations below are wrong because assumed that A is proportionnal to the
identity which is not true.]

We want to understand how the trace of the Green function G(z,y) behaves.

Let’s define the normalized trace of the Green function and projector:

~ 1 ~ 1
g(z,y) = 5 trp G(z,y), »p(z,y) = 5 trD P(z,y). (C.13)

Taking the trace of (3.101b), we find:

é(z —y)
V9

where A is the scalar Laplacian. Denoting the Green function I'(z,y) for the scalar

Laplacian with mass and the corresponding projector II(z,y) over its single-zero
mode:

(—A + ? + m2) 9(z,y) = —p(z,y), (C.14)

(A +mt e = N Ny, [ @l e =0, (©15)

we can obtain an integral equation for g(z,y):
6(z—y) R(2) .

/3 4
R(z)

3(o,y) = [ Pyygria,2) (

< 20

3(z,y) —p(z,y)) + / d?2y/g1(z, 2)§(2, y)

=T0) — [Py, (B2 560 +0n) + [ #2yaTie, 5G0)

[HE: Can we simplify this further? If not, we would have to study the properties of
the Green functions for —A + aR in general.]
[HE: Can we compute Ag¢(z)?]
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C.4 Gravitational action
C.4.1 Large mass expansion

In the large mass limit we can use (??) to rewrite the last term of (?7) as

o dt .
[T & 0-EP0) =80 -0 = 5 [ @o(/GR-VGR). (C16)
This vanishes if the Liouville mode is smooth because the integral of R is a topological
invariant.

The large mass limit of the Green function reads

~ . 1
2 — 27 25—2 _ 2
m°G¢(z) =m ll—>ni (u ¢(s,z,x) an(s — 1)) (C.17)
— 2T 25—2 ¥n(z) n(i’?) I
=mlim | 4 ( Z (m2 + A®)s  d(s— 1)) (C.18)
~ Z W, ()0} (z) = (0, z, z) (C.19)
n#0
since ©
1 _ 1 1 ~ (12t (o)
m2+ Ay m* (14 AQ /pm2)s m? m2
Then we find

m? [ @ trp (/5 Gocl@) — V3 Gac(@))
~ /d z trp (vg (0, z,2) — 3 4;(0,2, 7)) (C.21)
= > (0 (0
=(0) = &(0) = &P (0) — &7(0).
This is the same result as the other term and it would vanish if the Liouville mode is
smooth.
C.4.2 Torus with even spin structure

On the torus there are two real zero-modes (??). For a solution which is not
normalised, the normalization matrix reads

1/1 0
Klgl =7 <0 1) (C.22)
such that . ] 4
k(g
—— Indet =In—. C.23
2 "k T A (C23)
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