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Outline: 1. Introduction

Introduction
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Motivations

2d (quantum) gravity is useful for:

» toy model for 4d quantum gravity
» spontaneous dimensional reduction [1605.05694, Carlip]

» (non-)critical string theories
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Motivations

2d (quantum) gravity is useful for:

» toy model for 4d quantum gravity
» spontaneous dimensional reduction [1605.05694, Carlip]

» (non-)critical string theories

Real-world requires massive matter
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Goals

» Study classical gravity coupled to massive matter
» Show that (classical) 2d gravity is not a good toy model

» Derive the spectrum of the Mabuchi action (quantum action
for the metric)
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Qutline: 2. Classical gravity

Classical gravity

6/25



Total action

Matter 1) + gravity g, action

S[ng] = Sgrav[g] + Sm[ng]

Conditions
» renormalizability
» invariance under diffeomorphisms
» no more than first order derivatives

» Smlg, ] obtained from minimal coupling

Note: in 2d g, has one dynamical component = conformal factor
(or Liouville field) ¢
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Gravity action
Gravitational action: two possible terms
Seravlg] = Senlg] + Sule]
» Einstein—Hilbert

Senlg] = /dsz \Ig| R =4mx

topological invariant (Euler number x) — not dynamical,
ignore it

» Cosmological constant

Sulel = n [ & /lel = Al
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Equations of motion

» Energy-momentum tensor (with traceless and trace
components)

47 6S
T = ——— =T7(m 40 Y
12 /|g| 5g,uy uv + ﬂ.lu’g.uf

- T
T = T — o 8uw T=g"Tu

» Equations of motion

0S 0S

(5g#1/:0’ @:0
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Equations of motion

» Energy-momentum tensor (with traceless and trace
components)

47 6S
T = ——— =T7(m 40 Y
12 /|g| 5g,uy uv + Trlu’g.u

- T
T = T — o 8uw T=g"Tu

» Equations of motion

0S 0S

ogH =0, @ -

» Metric EOM — vanishing of T,

0

Tw - 7—}2/;7) -

{T: T(M 4 47y =0
/

— decoupling of traceless component from gravity
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Dynamics: conformal matter

» Weyl transformation

g = e2w(o)g;“/

conformal invariance Sp[n,¢¥] = Weyl invariance Sy[g, ] J

(here <= also holds)

10/25



Dynamics: conformal matter

» Weyl transformation

g = e2w(o)g;“j

conformal invariance Sp[n,¢¥] = Weyl invariance Sy[g, ] J

(here <= also holds)
» Weyl invariance — traceless T,ST)

TM=0 —= pu=0

from gravity (trace) EOM
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Dynamics: conformal matter

» Weyl transformation

g = e2w(o)g;“j

conformal invariance Sp[n,¢¥] = Weyl invariance Sy[g, ] J

(here <= also holds)

» Weyl invariance — traceless T,ST)

from gravity (trace) EOM

Conclusion
Conformal matter coupled to p # 0 gravity is inconsistent. J
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Dynamics: non-conformal matter (1) — model

» N scalar fields X;

n=—a- [ /gl (8" 0. x0.% + V(X))

> EOM

T = 0,X:0,X; — gW(g BOaXi05X:) =0

V(X) = 4mp
10V
—AX; + 28X =0

A = gh"V,V, curved space Laplacian
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Dynamics: non-conformal matter (2) — solution

» Conformal gauge (fix diffeomorphisms) g, = €21,

» Traceless EOM
2(Too = To1) = (80X £ 01.X)?> =0
— sum of squares

(Do+d)X;i=0 = 9,X=0 = X=X’ =cst
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Dynamics: non-conformal matter (2) — solution

» Conformal gauge (fix diffeomorphisms) g, = €21,

> Traceless EOM
2(Too £ To1) = (8o Xi £ 1X;)? =0
— sum of squares
(Do+d)X;i=0 = 9,X=0 = X=X’ =cst
» Trace and matter EOM — constraints on X?

ov

o XD =0 V(XP) =4mu

]
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Dynamics: non-conformal matter (2) — solution

» Conformal gauge (fix diffeomorphisms) g, = €21,

> Traceless EOM
2(Too £ To1) = (8o Xi £ 1X;)? =0
— sum of squares
(Do+d)X;i=0 = 9,X=0 = X=X’ =cst
» Trace and matter EOM — constraints on X?

ov

o XD =0 V(XP) =4mu

]

Conclusion

Non-conformal matter coupled to gravity is (at best) trivial.
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Dynamics: non-conformal matter (3) — example

» Free massive scalars
2y2
V(X)) =Y miX
i
» Matter EOM

mX?=0 =— X°=0 Vm#0
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Dynamics: non-conformal matter (3) — example

» Free massive scalars
V(X)) =>_ miX?
i
» Matter EOM
mX?=0 = X°=0 Vm #0
> Trace EOM

Y miXPY =4y = p=0

1
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Dynamics: non-conformal matter (3) — example

> Free massive scalars
V(X)) =>_ miX?
i
> Matter EOM
mX?=0 =— X°=0 Vm#0
» Trace EOM
Z m,g(X,-O)2 =4ry = pu=0

1

Conclusion

Massive free scalar fields coupled to gravity are inconsistent for
w7 0, trivial for u = 0.
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Degrees of freedom: conformal matter

» No cosmological constant, =0

» 3 Weyl invariance — traceless energy—momentum tensor

T(m =0
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Degrees of freedom: conformal matter

v

No cosmological constant, =0

v

3 Weyl invariance — traceless energy—momentum tensor

T(m =0

v

Metric EOM
Tim =0

v

Weyl invariant EOM — independent of the conformal factor
— 2 constraints on the matter
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Degrees of freedom: conformal matter

v

No cosmological constant, =0

v

3 Weyl invariance — traceless energy—momentum tensor

T(m =0

v

Metric EOM
Tim =0

v

Weyl invariant EOM — independent of the conformal factor
— 2 constraints on the matter

Conclusion
Gravity reduces the dofs of conformal matter from N to N — 2.
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Degrees of freedom: non-conformal matter

» Action linear in g"¥

Sm = % /dzg \/Qﬁ, L= _%(gww(w) + V(@b))

» Metric EOM

= 1
T = L = 5 gu (8™ Lag) =0, T==V+dru=0
» Weyl invariant EOM — independent of the conformal factor

— 3 constraints on the matter
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Degrees of freedom: non-conformal matter

» Action linear in g"¥

Sm = % /dzg \/Qﬁ, L= _%(ngw(w) + V(w))

» Metric EOM

1
T = Lo — 5 gu (g Lag) =0, T=-V+a4ru=0

» Weyl invariant EOM — independent of the conformal factor
— 3 constraints on the matter

» Abolishing gauge invariance (Weyl) removes dofs

Conclusion
Gravity reduces the dofs of generic non-conformal matter from N
to N — 3, instead of N — 1.
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Outline: 3. Quantum gravity

Quantum gravity
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Functional integration

» Partition functions
7 = /dgg;w e_SM[E]Zm‘g]

Zmlg] = /dg¢ e~ SmleY]

» Quantum effects — dynamics for the conformal factor

» For computations: fix diffeomorphisms
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Conformal gauge

» Conformal gauge
g =g
¢ Liouville mode, gy (fixed) background metric

» Partition function

Z[¢] = e Sel&0dl 7 1g],  Sgray = —1In
[¢] [gO] g Zm[go]

(ignore ghosts from gauge fixing)

Zm [€2¢g0]
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Conformal gauge

» Conformal gauge
g =g
¢ Liouville mode, gy (fixed) background metric
» Partition function
Zm[e2¢g0]

Z[¢] = e Sel&0dl 7 1g],  Sgray = —1In
[¢] [gO] g Zm[go]

(ignore ghosts from gauge fixing)
» Typically [1112.1352, Ferrari-Klevtsov-Zelditch]

Sarav =S+ ¢ S+ B2 Su+ -

S, cosmological constant, S, Liouville action, Sy Mabuchi
action
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Outline: 4. Mabuchi spectrum

Mabuchi spectrum
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Mabuchi action

» Kahler potential (work at fixed area)

A A
20 =2 (1 OAK>
¢ A0(+27rx 0

» Mabuchi action (Euclidean) [Mabuchi '86]

1 4 4
Sm = —/d2a\/g0 {—ggl’BMKa,,K+ <7TX - Ro) K+ 7rX<Z562¢]
47 Ao A
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Mabuchi action

» Kahler potential (work at fixed area)

A A
20 =2 (1 OAK>
¢ A0(+27rx 0

» Mabuchi action (Euclidean) [Mabuchi '86]

1 4 4
Sy = — / Po/g [—g{;”aMKaVK n <7TX - RO) K4 X qbeﬂ
47 Ao A
» EOM (same as Liouville)
4mx
R=—=-=
A

> Note: ill-defined on the torus/cylinder (x = 0)
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Minisuperspace model

Minisuperspace (background = cylinder)

¢ = ¢(t), K = K(t), g =1

Conjectured action (variable area, Lorentzian signature)

SM:—l/dt[/@—Kln <K> LK
2 4
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Minisuperspace model

Minisuperspace (background = cylinder)

¢ = ¢(t), K = K(t), g =1

Conjectured action (variable area, Lorentzian signature)
1 . . K .
SM:—f/dt K= Kin|— | +K

2 4

Motivations:

» reproduce the features of the full action
» reproduce minisuperspace EOM

» different ways to infer this action
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Hamiltonian

1. Conjugate momentum to K

oSy 1 <k>
P=—==-In|— | =
oK 2 Ay

2. Canonical transformation
P=¢, K=-N

3. Hamiltonian )
M
Hy = > + 27r/u32‘;s =H;

¢



Spectrum
» Canonical quantization [Braaten et al. '84]
r 2
Hmp = 2p° 1p
» Wave functions

Vp(p) = 2r((7rﬂ2)l I; Kz,p(QNe ) ~

p € R: orthonormal set

e2ip<z> + Ro(p)e_z'W
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Spectrum
» Canonical quantization [Braaten et al. '84]
r 2
Hmp = 2p° 1p
» Wave functions

2(mp) "

r( 2] ) K2’P(2\/ iue) e2fp¢_|_R0(p)e—2iP¢

Up(9) =

p € R: orthonormal set
» 3-point function (limit of DOZZ b — 0)

Colpr.peps) = | 6 (@) 27000, (0)

r((—1)2p:)
r(2pi)

2ﬁ:Zpi7 pi = p — pi, i=1,2,3
i

= (mu) #1p) [
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Outline: 5. Conclusion

Conclusion
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Conclusion

Main results
> No-go theorems for classical gravity

v

Dof counting for classical gravity

» Minisuperspace dynamics of Mabuchi action = Liouville

v

Mabuchi spectrum: e*P? p € R
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Conclusion

Main results
» No-go theorems for classical gravity
» Dof counting for classical gravity
» Minisuperspace dynamics of Mabuchi action = Liouville

» Mabuchi spectrum: €?P? p € R

Open problems:
» Few physical properties of Mabuchi action known (1-loop
string susceptibility)
» Mabuchi should not be a CFT, but zero-mode dynamics is a
CFT: how the full dynamics of Mabuchi differs from Liouville?

» Find rigorous formulation at variable area and on the
torus/cylinder (Kahler formalism not appropriate)

» Comparison with matrix models, CDT. ..
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