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Introduction

Motivations

Asymptotically AdSs BPS black holes (BH) are very important:
@ BH entropy computations — need near-horizon geometries
@ String theory and M-theory embeddings
e AdS/CFT correspondence

Black hole: interpolation
magnetic AdS (UV) — near-horizon geometry (IR)

AdS, and near-horizon geometry — supergravity solutions



Introduction

BPS equations for AdS, vacua

BPS equations reduces to
1 u
(P, V) ¢ —, (K", V) =0
Rads
P moment map, K" Killing vectors, V symplectic section
But
P=wik!= (P,V)=0.

— no regular solution [0911.2708, Cassani et al.][1204.3893, Louis et al.]
Missing piece

P=wk'+W

— need to understand (special and) quaternionic isometries
[de Wit—van Proeyen '90] [hep-th/9210068, de Wit-Vanderseypen—van
Proeyen] [hep-th/9310067, de Wit—van Proeyen]
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N = 2 supergravity

N = 2 supergravity: multiplets

[hep-th /9605032, Andrianopoli et al.] [Supergravity, Freedman—van Proeyen]

@ Gravity multiplet
0
{gu, V5, ALY

a=1,2
@ n, vector multiplets . o
{A;L, AT
i=1,...,ny
@ np hypermultiplets
{¢4, q"}

u=1,...,4np, A=1,...,2n,


http://arxiv.org/abs/hep-th/9605032

N = 2 supergravity

N = 2 supergravity: bosonic lagrangian

R 1 1
Lbos = 5 + Z |mN(T)Az F;i\u Frhv _ g RGN(T)/\Z e’:“MVPUF/i\V szg
N |
— gi3(T) Our' T — > huv(q) 8,9"0"q"
Field strengths

FM=dAh, AN = (A A)



N = 2 supergravity

Electromagnetic duality

Dual (magnetic) field strengths

0 Lbos
Gp = *( 5;/\ ) = Re N)js FA+ Im Nps *FN

Maxwell equations and Bianchi identities
dFM =0, dGy =0

invariant under symplectic transformations

F/\ F/\
— U ) U € Sp(2n, +2,R)
G G

The action is not invariant



N = 2 supergravity

Scalar geometry

Non-linear sigma model: scalar fields — coordinates on target
space

M =M, (7") x Mp(q")
with
o M, special Kihler manifold, dimg = 2n,

@ M, quaternionic Kahler manifold, dimg = 4n,

Isometry group (global symmetries)
G = ISO(M), G C Sp(2n, +2)

[hep-th /9605032, Andrianopoli et al.]
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N = 2 supergravity

Gaugings: general case

Local gauge group H
HcG

encoded by Killing vectors {kj, k¥'}

Covariant derivatives on scalars (minimal coupling)

0
aqY

Oy — Dy = 0 — A} | ka(7) 0

Ori + k/\(q)

Generates scalar potential V(7,q) — AdSs vacua

11 /44
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Kéhler geometries

Kahler manifold: definition

Manifold (M, g) with

@ Hermitian metric
d52:2g;]—d7'id?j, i=1,...,n
@ Complex structure
J2=-1, Jglt=g
e Fundamental 2-form
Q=-2J5dr Ad7, vol = Q"

@ Kahler condition
dQ=0

13 /44



Kéhler geometries

Kahler manifold: Kahler potential

e Metric given by Kahler potential K(7,T)

0

gi7 = 0i05K, O = G

@ Metric invariant under Kahler transformations

K(1,7) — K(7,7) + f(1) + f(7)

14 /44



Kéhler geometries

Special Kahler manifold: definition

e Kahler manifold with bundle Sp(2n, + 2,R) and section

(assuming F exists)

@ Prepotential F
F(AX) = A2F(X)

e Homogeneous coordinates X, special coordinates

(common choice: X° = 1)
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Kéhler geometries

Special Kahler manifold: symplectic structure

@ Symplectic inner product

(A,B) = A'QB = AMB\ — ApB", Q:(_Ol é)

e Kahler potential
e K= —i(v,7) = —i(X "Fa — FAX")

@ Covariant section

@ Covariant Kahler derivative
U =DV = <6,~ + ;8;K> %
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Kéhler geometries

Special Kahler manifold: structure

e Gauge coupling matrix A/ (built from F)
Fa = Nag X™
e Complex structure M on the bundle (built from N)

MY =—iV, MDYV =iD;Vy

17 /44



Kéhler geometries

Special Kahler manifold: prepotentials

Usual examples and Calabi—Yau have:

@ cubic ik
X' XIX
F = —Djj 0

@ quadratic _
F= é s XM XE

n = diag(-1,1,...,1)
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Kéhler geometries

Quaternionic manifold: definition

Metric
ds® = h,, dg“dq", u=1,... 4n,

holonomy SU(2) x Sp(np)
Complex structure triplet JX,x =1,2,3

Vx Jh(J) = h

SU(2) algebra
JXJy — _(5Xy _"_ EXyZJZ

Hyperkahler forms

K* = J;,dg" Nndqg"”
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Kéhler geometries

Quaternionic manifold: SU(2) properties

e SU(2) connection w* = wydq"

@ Curvature 2-form
1
=V =dw* + Eexyzwy A w?

with
Q= AK*, AeR
Supersymmetry — A = —1

@ Fundamental 4-form

Q=0AQ%, dR=0, vol=0"
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Kéhler geometries

Quaternionic manifold: c-map construction

et
4
a=1,...,n,—1, A=(0,a)

2 _ 1.2 _1.a3sh lt 2_ﬁ t
ds® =do¢”+2g,;dz°dz” + d0+2£ Cd¢ 2 d¢*CMdé

@ Heisenberg fibers:
o Dilaton ¢, axion o, Ramond pseudo-scalars & = (¢4, £4)
@ Base special Kahler M :

o Prepotential G, Kahler potential Ko, metric g,
o Symplectic vector Z = (Z#, Gu)
o C symplectic metric, Ml complex structure

21 /44



Kahler isometries
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Kahler isometries

Killing vectors and Lie derivative

@ Isometry of spacetime (M, g): transformation that preserved
distance (i.e. the metric)

@ Acts with Lie derivative, generated by Killing vector k
Ekg =0
@ Set of Killing vectors — Lie algebra

[kas ko) = . ke, a=1,....dimISO(M)

23 /44



Kahler isometries

Kahler manifolds: moment maps

@ Holomorphic Killing vectors — preserve complex structure
LidJ=0
o Killing vectors given by moment maps
ki = i0;P, ks = —i 0P

P(r',7") e R
Gives the coupling of the gravitini ¢} to AQ

@ Kahler potential invariant up to Kahler transformation

LK =2Ref
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Kahler isometries

Quaternionic manifolds: triholomorphic isometries

@ A transformation may induce a change of basis for J*
L Q= WY Q7

(recall Q* = AK*, K* defined from JX)
W called SU(2) compensator (= rotation vector)

@ Connection
£kwx =V W,f

— use this formula to compute W

@ C-map isometry

g € ISO(Mp) = glm, € ISO(M:)
@ Triholomorphic moment maps

K= -V P = P; = iyw* + W[

25 /44



Kahler isometries

Special Kahler manifolds: isometries

o ForU = e € Sp(2n, +2)

X/\ Xl/\ X/\ X/\ X/\
(FA> - <FA> _U<FA>’ 5<FA> _u<FA>
— new prepotential F'(X")
e U C ISO(M,) — symmetries of the action
F'(X') = F(X') <= X"6Fp = Fp0X"

— conditions on U (or 1)

26 /44



Kahler isometries

Special Kahler isometries: cubic prepotential

@ Recall: o
XIXIxk
X0
o Isometries parametrized by {3, b, a;, B'; }

F = —Dj

- ;2 | S
o7’ = b' - 557" + B — 5 lekeTJTk
Constraints on a;, B,
@ Kahler transformation
LiK=2 Re(ﬂ + aiTi)

@ Quartic invariant

1 i P
Za(p, q) = — (qap™)? + 6 p° D q;qqx — 4 qo Dyjkp’ P/ p*

9 ..
+ 6 D Diymaiqj p'p™
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Kahler isometries

Special Kahler isometries: quadratic prepotential

Recall:

F = 5z XX
o Isometries parametrized by Ay (with constraints)
ol = Al + (Aij - Aooéij)Tj - AOJ-TiTj
o Kahler transformation

LK = 4Re(Ay7)

Quartic invariant

1 2
Zu(p.q) = — (P iz p™ + ann*ax )

28 /44



Kahler isometries

Quaternionic isometries: fiber and duality symmetries

@ Transformations of the fiber, model-independent

hy =8y, ho=Cd+ €y,
h0:6¢—20'80—§'8§

Translations and scalings. h,, is 2ny, vectors

@ Transformations lifted from M, model-dependent
hy = (UZ)taZ +c.c. + (Uf)tag

U € sp(2np), constant parameters
Transformation on & compensates the one on z?
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Kahler isometries

Quaternionic isometries: hidden symmetries 1

Metric on M invariant only for U € iso(M_) C sp(2np)

Idea for new symmetries

Promotes U to a field-dependent matrix S.

Hidden vectors k_, ks, model dependent
0 Z=S2, 0k, Z = CO:SZ

where

1 1
S5=2 <5gt +5 CO (C6514(5))t>

Z4(&) well defined only for symmetric M, [0902.3973,

Cerchiai—Ferrara—Marrani—Zumino]

30 /44
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Kahler isometries

Quaternionic isometries: hidden symmetries 2

Explicit formulas

ho =— 004+ (0% — e™* — W), + (o€ — COW)* 0
- (S2)t07 + c.c.,

1 o 1
ha=— 560y + <2§— 2<cagvv) Dy + o C;
+ <; €€t — Coe(Co, W)t) dc — (COS 2)'07 + c.c.
where
1z 1 oy
WZZLL(f 7§A)_§e §"CM,
— 1 t 1
S—2<§§ +2H><C,
H = C0(COZ4(€))"

31/44



Kahler isometries

Quaternionic isometries: compensators

@ Define
Pt =pl+p? W+ = w?t+iw?

@ Computations done in special coordinates
(since w* invariant in homogeneous coordinates)

@ Duality symmetries
cubic: W3 = acIm z€, quadratic: W3 = Im(A%z?)
@ Hidden symmetries

ki
Wt =2iv2 ez 9¢iCz, W3=-W3-e2
Wl = oW, W3 =29 w3

32 /44



Kahler isometries

Quaternionic isometries: prepotentials 1

Recall:
P* = iy + W
@ Extra symmetries
iywt =0, irw? = %e%,
owt =—v2 eKTQ+¢§tCZ, iow® = —Ue%,
iawt = —V2 eKTQ+¢ Cz, iqw® = —%e%(Cg

@ Duality symmetries
K
mwt = V2 e7 T ZICUE,
]_ —
ipw? 2¢§ CU¢ — efe ztcuz
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Kahler isometries

Quaternionic isometries: prepotentials 2

@ Hidden symmetries

st = V2 e BH(ZECE) CE — 2C(i_w),
i&wg’ = —(C(O' e2¢§ + 85(I'dw3>

Related work [1407.6956, Fré-Sorin-Trigiante]
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Quaternionic isometries:

Kahler isometries

Killing algebra

~ «
«
~0 0
(e}
Ul
ap |@
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€_ €0 €4
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(’)Z() @
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BPS solutions
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BPS solutions

BPS equations

BPS equations

SQuy = 6QA* = dq¢"* =0

First order equations on bosonic fields

Implies Einstein and scalar equations (but not Maxwell)
[1005.3650, Hristov—Looyestijn—Vandoren]

For static black holes, derived in [Halmagyi-Petrini—Zaffaroni,
1305.0730]

37 /44
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BPS solutions

Gaugings

@ Abelian gauging: kA =0
@ Magnetic gaugings: introduce magnetic vector fields
dAr = Gr, D =d+ (Apk"N — ANK)O,,

Complicated Lagrangian, but looks only at equations of
motion [1012.3756, Dall’Agata—Gnecchi]
e Symplectic Killing vector

l”</\
K= = K!9, = 0%ky
kn

©4 gauging parameters (symplectic vectors) with constraints
[hep-th /0507289, de Wit-Samtleben—Trigiante][0808.4076, Samtleben]
k.A = {hia h07 haa h&, hU}
o Killing prepotentials
PX — (JJL(ICU _"_ WX
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BPS solutions

o Asymptotic AdS, (UV)

R?
ds® = —ﬁdt + 5 dr® +ﬁd22
@ Near-horizon AdS; x ¥, (IR)
2
ds? = —ﬁdt +—1d +R3dx2

Y, Riemann surfaces of genus g

Electric and magnetic charges
A 1 F/\
o=(P )= 7/
an 4 Jx, \ G

Z=(Q,V), L = (P*,V)

Define

39 /44



BPS solutions

AdS,; BPS equations

Set P1 =P2 =0,P = P3, then

ieiwo
R )

[1005.3650, Hristov-Looyestijn—Vandoren] [1312.2766, Halmagyi—Gnecchi]

Contract last with w; gives

P =—-2Im(LV), L= (K, v) =0

L—-W,V)=0.
W = 0 — no regular solution.

Need non-trivial compensators from duality and hidden symmetries
— restriction on possible gaugings
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BPS solutions

Near-horizon BPS equations

e Equations solved for Fayet-lliopoulos gauging (n, = 0,
P> = cst) [1308.1439, Halmagyi] [1312.2766, Halmagyi-Gnecchi]
[1408.2831, Halmagyi]

e np # 0: P* ="P*(q") which gives
' =7'(p". qr, 0%, ¢")
e Equations for g“
(K4, V) =(K", Q) =0
Solving them gives

T =7(p" qr,04), "= q"(p", qr,0%)

e Entropy
S = 7T\/I4('P)
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Conclusion
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Conclusion

Achievements

@ Symplectic expressions for hidden Killing vectors

o Compensators and prepotentials for all quaternionic isometries

@ BPS equations with magnetic gaugings for full N = 2
matter-coupled supergravity

e Conditions for N = 2 AdS4 vacua

@ Framework to solve for AdS4 and near-horizon geometries in a

given model
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Conclusion

Outlook

o Generalizes to homogeneous M, and to non-abelian gaugings
@ BPS equations for Taub—-NUT black holes (FI gaugings)

@ Add hypermultiplets to the general Fl black hole solution
[1408.2831, Halmagyi]

@ BPS equations for near-horizon geometries of rotating black
holes

@ Study other vacua (Minkowski. . .)

@ Generates charges using Demianski—Janis—=Newman algorithm
[1410.2602, H. E.] [1411.2030, H. E.~Heurtier] [1411.2909, H. E ]
[1412.xxxx, H. E.—Heurtier]
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